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Abstract

Chaosometer maps financial return series to a scalar efficiency score on a
zero-to-hundred scale measuring departure from the martingale hypothesis. The score
is a monotone transform of the mutual information between consecutive returns,
estimated nonparametrically via the Kraskov–Stögbauer–Grassberger algorithm and
parametrically via Gaussian determinant ratios. A channel decomposition separates
return-level dependence from volatility clustering. The Hill tail index and Ljung–Box
portmanteau statistic complete the diagnostic panel. This document states every
formula precisely and verifies each against the production codebase.

Keywords: Mutual information, market efficiency, KSG estimator, tail index,
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1 Framework

Let {rt}Tt=1 denote log-returns rt = logPt − logPt−1. The weak-form efficient market
hypothesis asserts rt ⊥⊥ (rt−1, . . . , rt−L), i.e., past returns carry no information about future
returns. Chaosometer quantifies departure from this condition through mutual information
(MI), a measure that captures linear and nonlinear dependence (Cover and Thomas, 2006).

1.1 Mutual information

The MI between rt and rt−1
t−L = (rt−1, . . . , rt−L) is

I(rt; r
t−1
t−L) = DKL(prt,rt−1

t−L
; prt ⊗ prt−1

t−L
) =

∫
p(rt, r

t−1
t−L) log

p(rt, r
t−1
t−L)

p(rt) p(r
t−1
t−L)

drt dr
t−1
t−L, (1)

the Kullback–Leibler divergence of the joint density from the product of marginals (Kullback
and Leibler, 1951). This quantity is non-negative, equals zero if and only if rt ⊥⊥ rt−1

t−L, and
is invariant under smooth invertible marginal transformations.
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MI has been applied to nonlinear lag identification (Granger and Lin, 1994),
multivariate dependence (Joe, 1989), forecast evaluation (Ardakani et al., 2018, 2025b),
portfolio construction (Ardakani, 2024c), and efficiency testing (Ardakani, 2025a).
Information-theoretic measures of tail risk (Ardakani, 2023a,b, 2025c,b) and information loss
from dependence misspecification (Ardakani et al., 2025a,c) motivate the present application.

1.2 Efficiency score

Definition 1. The efficiency score E : [0,∞)→ [0, 100) is

E = 100
(
1− exp

(
−κ Î∗

))
, (2)

where Î∗ is the estimated MI (Section 2.4) and κ > 0 is a calibration constant.

Proposition 1. The map f(x) = 100(1 − e−κx) satisfies: (i) f(0) = 0; (ii) f ′(x) =

100κe−κx > 0; (iii) f ′′(x) = −100κ2e−κx < 0; (iv) limx→∞ f(x) = 100.

Strict concavity compresses large MI values, preventing extreme readings from
dominating portfolio-level summaries. The production system uses κ = 10, calibrated so
that the S&P 500 yields E ≈ 33 and the VIX yields E ≈ 63.

2 Estimation

Two estimators are computed for each MI quantity: a parametric Gaussian estimator
and a nonparametric KSG estimator. The maximum is retained, ensuring that nonlinear
dependence invisible to the Gaussian method is captured.

2.1 Gaussian MI via Toeplitz determinant ratio

For a stationary process with autocorrelations ρ0 = 1, ρ1, . . . , ρL, let Rm denote the m×m
Toeplitz matrix with (i, j)-entry ρ|i−j|.

Proposition 2. Under joint Gaussianity,

IG(rt; rt−1, . . . , rt−L) = −1
2
log

detRL+1

detRL

. (3)

For L = 1, this reduces to IG = −1
2
log(1− ρ21).
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Proof. Write X = rt, Y = (rt−1, . . . , rt−L), and let σ2 = Var(rt). The Gaussian entropies
are

H(X) = 1
2
log(2πe σ2),

H(Y ) = 1
2
log det(2πe σ2RL) =

L
2
log(2πe σ2) + 1

2
log detRL,

H(X, Y ) = 1
2
log det(2πe σ2RL+1) =

L+1
2

log(2πe σ2) + 1
2
log detRL+1.

Since I = H(X) + H(Y ) − H(X, Y ), all (2πe σ2) terms cancel: I = 1
2
log detRL −

1
2
log detRL+1.

The sample autocorrelation

ρ̂ℓ =

∑n
t=ℓ+1(rt − r̄)(rt−ℓ − r̄)∑n

t=1(rt − r̄)2
(4)

is substituted into RL+1. If detRL+1 ≤ 0 or detRL ≤ 0, the code falls back to L = 1.

2.2 Joint Gaussian MI

The joint channel conditions rt on both lagged returns and lagged absolute returns. Let
X = rt and Y = (rt−1, . . . , rt−L′ , |rt−1|, . . . , |rt−L′|) ∈ R2L′ with L′ = min(L, 3). From the
sample covariance Σ̂ of (X,Y ),

IG,joint =
1
2

(
log σ̂2

X + log det Σ̂Y − log det Σ̂XY

)
, (5)

where σ̂2
X = Σ̂11, Σ̂Y is the 2L′ × 2L′ submatrix, and Σ̂XY the (2L′ + 1)× (2L′ + 1) matrix.

2.3 KSG nonparametric estimator

The Kraskov–Stögbauer–Grassberger Algorithm 1 (Kraskov et al., 2004) estimates MI
via k-nearest-neighbor distances under the Chebyshev norm, without density estimation.

Definition 2. Given n samples (xi,yi) with xi ∈ R, yi ∈ Rd, let ε(i) be the Chebyshev
distance to the k-th nearest neighbor of point i in the joint (1+d)-dimensional space. Define

nx(i) = #{j ̸= i : |xj − xi| < ε(i)}, ny(i) = #{j ̸= i : ∥yj − yi∥∞ < ε(i)}. (6)
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The KSG estimator is

ÎKSG = ψ(k)− 1

n

n∑
i=1

[
ψ(nx(i) + 1) + ψ(ny(i) + 1)

]
+ ψ(n), (7)

where ψ is the digamma function.

Each dimension is standardized to zero mean and unit variance before computing
distances. Samples exceeding n = 600 are subsampled; k = 3 throughout. All KSG
computations use lag depth L = 1 (bivariate or trivariate MI) for robustness in the
high-dimensional Chebyshev norm.

2.4 Channel decomposition and scoring

Three channels capture distinct dependence structures:

Ilevel = I(rt; rt−1, . . . , rt−L), (8)

Ivol = I(|rt|; |rt−1|, . . . , |rt−L|), (9)

Ijoint = I(rt; rt−1, . . . , rt−L′ , |rt−1|, . . . , |rt−L′|), L′ = min(L, 3). (10)

The level channel detects momentum and mean-reversion. The volatility channel detects
clustering in return magnitude. The joint channel conditions on both.

For each channel c, both estimators are computed and the maximum retained:

Îc = max
(
Îc,KSG, Îc,G

)
. (11)

The score uses the single most informative channel:

Î∗ = max
(
Îlevel, Îvol, Îjoint

)
. (12)

The maximum prevents double-counting: the joint channel subsumes information from both
the level and volatility channels, so whichever channel yields the highest MI estimate drives
the score. The remaining channels are reported as diagnostics.

Remark 1. Îvol ≫ Îlevel indicates volatility clustering; volatility-targeting strategies have
edge. Îlevel ≫ Îvol indicates momentum or mean-reversion (Ardakani, 2024c,b).
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2.5 Lag selection

The Gaussian estimator uses lag depth

L =


5 n ≥ 200,

3 80 ≤ n < 200,

1 n < 80.

(13)

The KSG estimator uses L = 1 for the level and volatility channels (bivariate MI) and L = 1

for the joint channel (trivariate: rt against rt−1 and |rt−1|).

3 Diagnostics

3.1 Hill tail index

The tail index α governs power-law decay P(|rt| > u) ∼ u−α (Nolan, 2020). For α < 2,
variance is infinite; this is common in financial returns (Cont, 2001; Ardakani, 2024a) and
relevant to risk measurement (Ardakani, 2023b, 2025b) and option pricing (Ardakani, 2022).

Definition 3. Let |r|(1) ≥ · · · ≥ |r|(n) be the order statistics of |r1|, . . . , |rn|. Set k =

max(5, ⌊
√
n⌋). The Hill estimator (Hill, 1975) is

γ̂ =
1

k

k∑
i=1

log
|r|(i)
|r|(k+1)

, α̂ =
1

γ̂
, SE(α̂) =

α̂√
k
. (14)

The implementation clips α̂ to [1.01, 4.0].

3.2 Ljung–Box test

Definition 4. The Ljung–Box statistic (Ljung and Box, 1978) is

QL = n(n+ 2)
L∑

ℓ=1

ρ̂2ℓ
n− ℓ

, QL ∼ χ2
L under H0 : ρ1 = · · · = ρL = 0. (15)

The implementation uses L = 10.
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3.3 Interpretation

Table 1: Efficiency score interpretation.

Ê Interpretation Implication

[0, 20) Efficient Passive strategies appropriate
[20, 50) Mild predictability Tactical allocation
[50, 100] Inefficient Exploitable patterns present

4 Algorithm

Algorithm 1 states the full scoring pipeline.

Algorithm 1 Chaosometer: full analysis (compute_full)
Require: Log-returns r1, . . . , rn, n ≥ 30

Ensure: Ê ∈ [0, 100] and diagnostics
1: Set L via (13)
2: Compute ρ̂0, . . . , ρ̂10 via (4)
3: ÎG,level ← −1

2
log(detRL+1/ detRL) ▷ (3), ACF of rt

4: ÎG,vol ← −1
2
log(detRL+1/ detRL) ▷ (3), ACF of |rt|

5: ÎG,joint ← (5) with L′ = min(L, 3)

6: r ← last min(n, 600) returns
7: ÎKSG,level ← (7) on (rt; rt−1), k = 3

8: ÎKSG,vol ← (7) on (|rt|; |rt−1|), k = 3

9: ÎKSG,joint ← (7) on (rt; rt−1, |rt−1|), k = 3

10: for c ∈ {level, vol, joint} do
11: Îc ← max(ÎKSG,c, ÎG,c)

12: end for
13: Î∗ ← max(Îlevel, Îvol, Îjoint) ▷ (12)
14: Ê ← min

(
100, 100(1− e−10Î∗)

)
▷ (2), κ = 10

15: Compute α̂ via (14), Q10 via (15)
16: return Ê , Îlevel, Îvol, Îjoint, α̂, ρ̂1, Q10
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Algorithm 2 Chaosometer: lightweight analysis (compute_light)
Require: Log-returns r1, . . . , rn, n ≥ 30

Ensure: Ê ∈ [0, 100] and diagnostics
1: Set L via (13); compute ρ̂0, . . . , ρ̂10
2: ÎG,level ← (3) on rt; ÎG,vol ← (3) on |rt|
3: Î∗ ← max(ÎG,level, ÎG,vol)

4: Ê ← min
(
100, 100(1− e−10Î∗)

)
5: Compute α̂, Q10

6: return Ê , ÎG,level, ÎG,vol, α̂, ρ̂1, Q10

Algorithm 2 is used for multi-asset comparison and regime scanning (rolling windows of 21,
63, 126, 252, and 504 trading days), where speed is prioritized over nonlinear sensitivity.
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