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ABSTRACT

A Bayesian framework quantifies market efficiency under a-stable return distributions. Measure-theoretic foundations establish

the existence and regularity of hierarchical posteriors for & € (1, 2]. A predictive mutual information score is introduced, satisfying

convexity and diffeomorphism invariance under regular variation. Geometric ergodicity is established for Metropolis-within-Gibbs
samplers. These samplers target a-stable posteriors, with effective sample size bounds extended to heavy-tailed targets. When
applied to major financial indices from 2008 to 2023, the framework discriminates heavy-tailed assets from predictable light-tailed

ones. It also detects efficiency breakdowns during financial crises.

JEL Classification: C11, C58, G12, G14

1 | Introduction

Financial markets operate where randomness meets predictabil-
ity, and extreme events violate Gaussian assumptions [1]. The
2008 financial crisis and COVID-19 market collapse revealed that
existing efficiency measures cannot capture heavy-tailed depen-
dencies under stress [2, 3]. This paper addresses a gap in financial
econometrics: how to quantify market efficiency when returns
exhibit infinite variance and extremal dependence. The proposed
efficiency measure integrates Bayesian inference for a-stable dis-
tributions, extreme value theory (EVT), and information geome-
try into a single framework valid under heavy tails.

The random walk hypothesis [4] introduces martingale-based
efficiency tests [5] yet distributional limitations persist. Lo [6]
shows that autocorrelation tests break down under heavy tails;
Anderson [7] demonstrates that nonlinear dependence is invisi-
ble to linear measures. Information-theoretic alternatives [8] lack
extreme value foundations. Embrechts et al. [9] established EVT’s
relevance for finance, and subsequent work [10, 11] developed
tail estimation theory. Still, no framework provides information

metrics to distinguish efficient heavy-tailed markets from pre-
dictable tail dependencies.

Bayesian inference for a-stable distributions has advanced
through several computational strategies. Ghosal and van der
Vaart [12] developed nonparametric theory, though financial
applications remained limited. Buckle [13] introduced an aux-
iliary variable representation that enabled tractable MCMC for
stable distributions. Qiou and Ravishanker [14, 15] extended
Bayesian inference to univariate and multivariate time series
with stable innovations. Lombardi [16] developed random walk
Metropolis—Hastings using FFT-based likelihood approxima-
tion. Peters et al. [17] introduced likelihood-free Bayesian meth-
ods for a-stable models. Chib et al. [18] developed MCMC for
stochastic volatility but omitted extremal dependence. Recent
contributions by Vats and Knudson [19] in Markov chain
convergence diagnostics lacked tail-specific extensions. None
of these approaches, whether Buckle’s [13] auxiliary vari-
able Gibbs sampler, Lombardi’s [16] FFT-based random walk
Metropolis-Hastings, or the approximate Bayesian computation
of Peters et al. [17], established formal geometric ergodicity
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TABLE1 | Positioning within literature.
Literature stream Limitations addressed Key references
Market efficiency metrics Linear dependence; Gaussian assumptions; crisis insensitivity; microstructure noise [4,6,7]
vulnerability
Extreme value theory Static tail estimation; no efficiency linkage; frequentist limitations; neglect of [9-11]

Bayesian heavy-tailed models

Information-theoretic measures

MCMC convergence diagnostics

Computational instability; incomplete measure theory; extremal dependence; posterior

Lack of EVT foundations; non-robustness to tail events; stationarity requirements

Tail-agnostic ergodicity; unvalidated mixing for a-stable targets; unaddressed
non-reversibility

information metrics

[12-14, 16, 20]
consistency

[8, 21, 22]
[19, 23, 24]

guarantees for MCMC under a-stable targets, a gap Theorem 2
addresses.

Table 1 positions the contribution. This study addresses crisis
insensitivity of conventional efficiency metrics, static EVT esti-
mation, computational instability in Bayesian heavy-tailed mod-
els [13, 20], and gaps in information-theoretic measures and
MCMC convergence diagnostics.

This paper makes four contributions. First, a result establishes
the probability space for hierarchical a-stable processes, extend-
ing Bayesian stable inference program of Buckle [13] and Qiou
and Ravishanker [14, 15] while addressing existence questions in
Bayesian EVT [12]. Second, a Bayesian predictive mutual infor-
mation measure is introduced with ergodic properties, measuring
dependence between observables, following Ebrahimi et al. [22]
and extending Amari [25] to heavy-tailed settings. Third, a result
establishes geometric ergodicity for Metropolis-within-Gibbs
samplers under « € (1, 2], addressing convergence concerns in
Jarner and Roberts [23]. Fourth, the asymptotic distribution of
the predictive mutual information is derived under regular vari-
ation, connecting EVT and market efficiency. Empirically, the
framework discriminates efficient heavy-tailed assets from pre-
dictable light-tailed ones and detects efficiency breakdowns dur-
ing crises via nonlinear sensitivity.

The paper proceeds as follows. Section 2 establishes measure-
theoretic foundations and defines the efficiency measure.
Section 3 develops geometrically ergodic MCMC and extends
effective sample size theory to heavy-tailed targets, and derives
asymptotic distributions under regular variation. Section 4
applies the framework to major financial indices. Section 5 dis-
cusses regulatory implications. Section 6 concludes.

2 | Bayesian Framework

This section builds on the semimartingale framework of Protter
[26] for modeling financial assets with jumps and extreme events.

2.1 | Measure-Theoretic Foundations

Definition 1. Let (Q,F, {F,},5,, P) be a filtered probability

space satisfying the usual conditions. The price process { P},
is an F,-adapted cadlag semimartingale with decomposition

P =P+ A+ M+, (1)

where A, is a finite variation predictable process, M, is a local
martingale, and J, =3, AP1{5p 51, is the compensated
jump process with AP, = P, — P,_.

The jump component J, necessitates extreme value consider-
ations as P(JAJ,| > u) € RV_, for some « > 0. Foundational
Bayesian methods for stable distributions were developed by
Buckle [13] via a bivariate density representation enabling
MCMC through data augmentation. Qiou and Ravishanker [14]
extended this to ARMA models with stable innovations, estab-
lishing posterior propriety under non-informative priors, while
Ravishanker and Qiou [20] provided computational guidance for
financial applications. I extend these foundations by establish-
ing existence and regularity conditions for hierarchical a-stable
posteriors.

Financial returns exhibit power-law decay P(|¢,| > u) ~ u™* due
to clustered volatility [27], investor herding [3, 28], and liquidity
evaporation during crises [2]. The tail index « measures systemic
fragility: @ < 2 implies infinite variance; « < 1 indicates mean
non-existence. The proposed framework quantifies these risks
through Il(a|r), enabling stress testing beyond VaR limitations
[29, 30].

Definition 2. The log-return process {r,}_ is
r, :=log P, —log P,_,; )

with natural filtration G, :=o({r, }.tv _y)- The return innova-
tion €, = r, — E[r,|G,_;] exhibits conditional heavy tails: P(|e,| >
ulG,_;) ~ u=*L(u) for slowly varying L.

Theorem 1. Given hyperparameters (sy, %, Vo> Ko» Gg» by) €
(0,00)5 with v, > 2, there exists a complete probability space
(0, B(©),11,) where 0= (u,0,p,a) € RxXR* x[-1,1] X (0,2]
such that
10 ~ Sy(o, B, )
ulz ~ N0, 77,
T_l ~ Ig(V()’ Ko),

6o~ Q(SO, fo)
a ~ Blag, by), B~ V[-1,1]
with characteristic function

P(u) = exp [i,uu - |ou|”‘<1 — ifsgn(u) tan %)] (a#1) (3)

and ¢(u) = exp [i;m - olul(l + iﬁ%sgn(u) log |u|)] fora =1.
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Proof.  Consider the projective system

o (B) = / Hf(r, 10)dT1,(8) VB € BRY),
B

where f(r|0) is the a-stable density. Consistency requires

X By) = X -+ X B, x RF™)

,,,,,,,

for m < k. This holds since

m

« REM) = / / fir,l0)dr,
GJ 1

k
11 / f(r;|0)dr; dT1y(6).
Jj=m+1

=1

For a < 2, E[|r,|’] < o iff p < a [31, 32]. The hierarchical prior
ensures

oo

Oo(lul > M) < C/ xdx = O(M—Vo+1).

M
Similarly, I1;(¢ < €) = O(e*). Completeness follows from stan-
dard completion of o-finite I1,,. u]

Theorem 1 extends Buckle [13] and Qiou and Ravishanker [14]
to a measure-theoretic hierarchy with projective consistency. The
prior IT (o < €) = O(e*) prevents volatility underestimation dur-
ing crises. The structure parallels stable frailty models of Qiou
et al. [33], though targeting financial returns. The tail index « is
estimable via I[1(a|r), addressing limitations in Cont [1].

2.2 | Bayesian Predictive Mutual Information

Information geometry [25] provides tools for measuring market
efficiency. Following the “information about prediction” perspec-
tive of Ebrahimi et al. [22], I define predictive mutual information
for heavy-tailed Bayesian settings.

Definition 3. Let(®, B(®),II) be a probability space and P =
{p(:|6) : 6 € O} a statistical manifold. The Bayesian predictive
mutual information between r, and r,_; is

In(rry)

pr,r_110)

=/® [/RZ p(rs,r,_110)log mdr,drr_l dari),
4)

equivalently I'(r,;r,_;) = EqlDg (P —1j0 5 Pro ® Pi—1j0)] [34].

The quantity Iy(r,;r,_;) is symmetric: Iy(r,;;r,_1) = Ig(r,_1;1,),
since Dy (pry—110 5 Prjo @ Pr—119) = D r(Pi—140 5 Pr-1jp ® Pyjo) bY
commutativity of the joint density [21].

Remark1. Lindley’s information [35] 1(0;r)= [ p(x|0)
(0)log ":Tlf))dr dfquantifies information about parameters.
Definition 3 differs: Ip(r,;r,_,) measures dependence between
observables, following Ebrahimi et al. [22]. For efficiency,
I (r,;r,_1) = Ocharacterizes serial independence, the operational
content of the efficient market hypothesis.

Remark 2. Alternative divergences merit consideration. Rényi
mutual information of order ¢ [36]

1 p(rnrt_lle) >QI
I,(r;r_)=——Io _
rr-) = g/<p<r,|9>p(r,_l|e)

X p(r,,r,_110) dr, dr,_,

recovers Iy as ¢ — 1 and remains finite for ¢ < /2 under
a-stable models. The KL formulation is retained because: (i) the
chain rule Iy = Hy(r,) — Hy(r,|r,_;) enables ergodic decomposi-
tion; (ii) connection to coding-theoretic efficiency is direct [21];
(iii) integrability holds for a > 1.

Lemmal. Under Theorem 1 with Ey[|log p(r,|60)|] < oo,

1. Iy(r;;r,_q) = O with equality iff r, L r,_; I-a.s.;

2. Ig(ryr_y) <min{ Hy(r,), Hg(r,_,)}
—En[Eyllog p(X |O)]];

3. If {(r,,r,_1)} is strictly stationary and ergodic, Iy(r,;r,_1) =

. -1 p(rlr_1,0)
limy_ T Zr ,Enllog ~ o, Iﬂl) 1.

where  Hp(X) =

Proof. Each claim follows in turn.

1. By Tonelli and Jensen, Iy = [y /o P1s log L2 “d AdT1 2 0.
Equality iff p;, = p;p, I ® A-a.s.

2. By chainrule, Iy = Hy(r,)) — Hy(r,|r,_1) < Hy(r).

3. By Birkhoff's ergodic theorem and dominated
convergence. o

Lemma 1 extends information-theoretic efficiency tests [8, 21]
to heavy-tailed Bayesian settings. The ergodic representation
enables rolling-window estimation for regulatory surveillance.

Definition 4. The efficiency score £ : P(®) — [0,100] is

E(D) = 100(1 - exp(—%ln(r,;r,_l)», 3

where I; is the Bayesian predictive mutual information
(Definition 3).

The score maps mutual information to [0, 100]: £ < 20 indicates
efficient markets; 20 < € < 50 reflects mild predictability; £ >
50 represents inefficient markets. The transform 1 — exp(—1I;/2)
represents fractional reduction in prediction uncertainty, analo-
gous to R? but valid under heavy tails.

2.3 | Properties of the Efficiency Score

Proposition 1. Under Lemma 1,

1. EAD =0iff r, L r,_; -a.s;

2. € is invariant under Il-preserving diffeomorphisms ¢ :
® - 0;

3. £ is convex in II: EQI + @1 - DIL) <AEAL)+ A -
DHEL);
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A. Tail behavior of a —stable distributions

B. Chaos score for market efficiency
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FIGURE1 | Theoretical properties of heavy-tailed financial models.
4. For Gaussian returns, E(IT) = 100(1 — (1 — p®)/*)wherepis 3 | Estimation of the a-Stable Posterior

lag-1 autocorrelation.

Proof. Each part can be established as follows.

1. Immediate from Lemma 1 (1).
2. For diffeomorphism ¢ with ¢, I1=11: 1, = / f(@~1(O)d
1) = I,.

—x/2

3. IgislinearinIl; x » 1 —e is concave.

4. For bivariate Gaussian with correlation p: I = —% log(1 —

p%), s0 exp(—1/2) = (1 — p»)/4. 5

Proposition 1 (2) ensures robustness to sampling frequency,
addressing normalization issues in Lo and MacKinlay [37].

Example 1. Forr, = ¢r,_; +¢, withe, ~ N(0,1):
¢=090: &=100(1-(1-0.81)"/*) ~33.98
¢=099: &=100(1-(1-0.98)"*) ~ 62.39
$=000: E£=0

For a-stable with ¢ =1.5, =0, c =1: I = %log(l +¢?/o?),
yielding £ = 100(1 — (1 + ¢?)~/4).

Figure 1 illustrates these results. Panel A shows survival functions
on log-log scale with power-law decay at rate @. Panel B compares
efficiency score sensitivity to autocorrelation between Gaussian
and a-stable (@ = 1.5) regimes; the stable model exhibits higher
scores across all ¢, indicating that tail heaviness amplifies ineffi-
ciency signals.

Section 2 establishes (1) existence for hierarchical a-stable mod-
els (Theorem 1), extending Buckle [13] and Qiou and Rav-
ishanker [14]; (2) Bayesian predictive mutual information for
heavy-tailed processes (Lemma 1); (3) efficiency score with
invariance properties (Proposition 1). Section 3 develops MCMC
methods with geometric ergodicity guarantees.

Posterior inference for a-stable models requires convergence
rate guarantees; without them, posterior means, credible inter-
vals, and tail risk measures lack theoretical validity. This section
establishes these guarantees. Three failures motivate Theorem 2.
First, a-stable distributions lack closed-form densities [32], so the
posterior is known only up to an intractable constant. Buckle
[13] addressed this with auxiliary variables, Lombardi [16] with
FFT-based Metropolis—Hastings, and Peters et al. [17] with
likelihood-free ABC. Second, when a < 2, E[|6|?] = oo for p >
a, violating moment conditions for standard MCMC CLTs [24].
Third, as a« | 1—the crisis regime — posterior geometry degener-
ates and diagnostics like R become unreliable [20, 23].

3.1 | MCMC Convergence for a-Stable
Posteriors

Theorem 2 establishes geometric ergodicity for Metropolis-
within-Gibbs targeting the hierarchical posterior of Theorem 1.
The contribution is verification of drift and minorization condi-
tions for a-stable posteriors with « € (1, 2]: the Lyapunov func-
tion V() = ||0]|? + 1 must satisfy PV < AV + bl despite heavy
tails, and compact C must be a small set—neither follows from
existing results, as Jarner and Roberts [23] show geometric ergod-
icity can fail under standard proposals. Proposition 2 extends ESS
theory to heavy-tailed targets with power-law bounds.

Existing MCMC strategies for a-stable posteriors include Buckle’s
[13] auxiliary variable Gibbs sampler (no convergence rate),
Godsill’s [38] slice sampler (symmetric = 0 only), Lombardi’s
[16] FFT-based random walk Metropolis—Hastings (unquanti-
fied approximation error), Peters et al.’s [17] ABC (irreducible
bias as € — 0), Casarin’s [39] mixture extensions, and Lemke and
Godsill’s [40] Poisson series representation. None establishes geo-
metric ergodicity for general a« € (1,2]. Theorem 2 fills this gap
via Lyapunov drift conditions [24].

Theorem 2. Consider the Markov chain {6} with transi-
tion kernel

40f9
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TABLE2 | MCMC performance during COVID-19 crisis (February 19, 2020-March 23, 2020).
Asset « posterior ESS* Time (hr) Rel. speed
S&P 500 1.41[1.32,1.53] 79 3.2 0.38
Bitcoin 1.27[1.18, 1.39] 54 5.1 0.29
WTI crude 1.35[1.25, 1.47] 63 4.3 0.33
US 10Y note 1.83[1.71, 1.98] 192 1.7 0.91
EUR/USD 1.77 [1.64, 1.92] 175 1.9 0.85

7(6'|r)q(0", )

2010, 0") }d9 + H0)5,(A),

P(0, A) = / q(9,0’)min{1,
A
(6)

where q(0,60") = 4,9,9,95 1S a symmetric product proposal and
rO)=1- / P(6,d0"). Under Theorem 1 with a € (1, 2], assume:
1. infycg 7(0]r) > 0 for all compact K C ©;
2. 36 > 0, probability measure v: q(8, A) > 6v(A) for all 6, A;

3. E,[6]1**%] < oo for some 6 > 0.
Then for n-a.e. 8, there exist C(6,) < co and p < 1 such that

|1P*(Bp. ) — 21Dl < CBp)p*  Vk €N.
Proof. Define V(0) = ||6||> + 1. By symmetric proposal struc-
ture and moment conditions,
7112 1 2
E,Llle"11°10] < EII9|I +C.

Thus PV (6) < 2V/(6) +(C +1/2). Setting A = 3/4 and C = {6 :
16]] < R} for large R,

PV (6) < AV(0) + b1,.
For compact C, assumptions (1) and (2) and continuity yield

/ ’
z(0'[r)q(¢’, 0) > e>0,
0.0'eC 7(0|r)q(6,0")

so P(6,A) >ebv(A) for 6 € C, satisfying the small set
condition. O

Theorem 2 contributes to the literature in three ways: (1) formal
geometric rate p < 1 compared to empirical diagnostics in Buckle
[13] and Lombardi [16]; (2) full skewed case g € [—1, 1] instead
of symmetry restrictions in Godsill [38] and Lemke and Godsill
[40]; (3) uniform bound over « € (1, 2], ensuring reliability as a |
1 where Ravishanker and Qiou [20] found severe difficulties. The
implementation uses Stan [41] with the following proposals:

q, = N(u®,0.01 -IQR(r,),
4, = Ba“k, (2 -

q, = LN (loge®,0.1)

a®)k), k=50, g, =TN(PB*,0.05[-1,1]).
Benchmarked on the S&P 500 index (2008-2023), the results
show a 3.1 times speedup over Chib et al. [18] and 1.8 times fewer
iterations than Lombardi [16], with no approximation bias as in
Peters et al. [17]. This improves on Ravishanker and Qiou [42] by
providing full posterior quantification.

For Basel III compliance, convergence || P¥ — x|z, < e ensures
valid CVaR, = E[L|L > VaRgyy,] with subadditivity for a > 1.
Traditional ESS assumes light tails. The following extends ESS
theory to heavy-tailed targets, addressing limitations in Vehtari
et al. [43].

Proposition 2. Let {00} | be geometrically ergodic with sta-
tionary r satisfying E_[||0]1>*°] < co. Define

P )= T (@)

7 =142 p,(/).
=1

forf € L***(z). Then 3C;>0,ESS, =K/, >C,K'™¢ for
anye > 0. For multivariate ESS [19],

1/d \ ~1
ESS* =K Al > CK'"™.
|2|1/d

Proof. Geometric ergodicity implies |p,(f)| < Mr’ for r<li,
so7, <1+2Mr/(1—r) < co. For heavy tails (6 < 2), Var(fg) ~
¢/K'~¢ with ¢ < 6/2, yielding ESS, > CK1-¢. O

Table 2 validates Proposition 2. Assets with a < 1.4 exhibit
ESS* < 100, below regulatory thresholds, while near-Gaussian
assets maintain ESS* > 170.

Figure 2 validates convergence. Panel A shows slower autocorre-
lation decay for a = 1.2 versus Gaussian; Panel B confirms ESS
(-1 asal l.

Given posterior draws {§©}£_ from Theorem 2, estimate

p(rt» r,71 |0(k))
p(r,|0®)p(r,_,|6W)

dr, dr,_y,
™

V1a FFT-based dens1ty approximation [32]. The efﬁc1ency score is
E= 100(1 — exp(— 1H /2)). Geometric ergodicity ensures IH

I;; K = 20,000 post-warmup draws yield Monte Carlo SE below
0.5%.

K
1
==> N2}
Kkzl/[RZp(rt rt—ll ) 0og

3.2 | Asymptotic Theory

Theorem 3. Let {r,}/_
satisfying

, be strictly stationary with marginal F

lim L= f+xo@) _ A+,

€R,
e 1- F() x

for y>0 and scaling function ¢ >0 (ie.,
Assume:

F € MDA(G,)).
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A. MCMC autocorrelation decay

B. ESS degradation in heavy-tailed models
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FIGURE 2 | MCMC convergence properties in heavy-tailed Bayesian estimation.
4 | Application to Financial Markets
1. Drees condition lim,_ . kE[g(x,)| max(r,, ..., 7 ) > u,]
=0; An increase in y (heavier tails) leads to a decrease in o2,

2. k= k(n) = o0, k/n = 0, \/kA(n/k) — 0;

3. Iy(@) = ca™t + O(a~17%) for 6 > 0.

Then for the Hill eftimator a, = (%Zf;l logry, —logryq) ™", the
plug-in estimator £ = 100(1 — exp(—%ln(&,,))) satisfies

VKE, - &) =4 N(©0,6%(7,€))
with 62(y, &) = (50€e~/2 [ T2y =* + 2(50Ee~ /2 [ 1))y =2 + y~2.

Proof. Under conditions (1) and (2), \/%(&;1 —al) >4
N(0,772). Define g(x) = 100(1 — exp(—5 I(1/x))). By the delta
method and condition (3),

Vi(e(@") - gla™) = N, [ (@) Pr™).

The derivative g’(x) = —50€(dI;/da)a?, and from condition (3),
0l /da = —ca? + O(a~27%), yielding the stated variance. o

Corollary 1. Under Theorem 3, the hypothesis H, : € = ¢,
versus H, : € # c, is rejected at level ¢ if

V&, = ¢)
T,= % Z1-g/2>
o7, £,)

where G2 is a consistent estimator of o*(y,€). Under H,,T, —¢

N'(0,1). Theorem 3gives \/E(é\'n —¢y) =4 N(0,62) under H,
Consistency of 62 follows from the continuous mapping theorem;
Slutsky’s theorem yields the result.

Section 3 establishes geometric ergodicity for a-stable MCMC
(Theorem 2); heavy-tailed ESS bounds (Proposition 2); validated
Stan implementation extending Buckle [13], Qiou and Ravis-
hanker [14], and Ravishanker and Qiou [42].

which causes £ to be more sensitive to tail behavior as effi-
ciency declines. Table 3 shows this effect. Bitcoin displays
near-randomness (£ = 12.3) with heavy tails (y = 0.52), while
VIX shows high predictability (£ = 78.9) with lighter tails (y =
0.19). During the COVID-19 period, € rose to 92.1 for VIX, indi-
cating a breakdown in mean reversion.

Table 4 reports MCMC diagnostics for S&P 500 (January
2020-December 2023) with four chains, 10,000 iterations, and
5000 warmup. All parameters satisfy R < 1.01 [43]. ESS* exceeds
1000 despite heavy tails (@ = 1.53), validating Proposition 2.

Table 5 presents a quantitative assessment of crisis discrimi-
nation. Across all assets, £ increases significantly during peri-
ods of stress (mean AE = 38.7, p < 0.001), which aligns with

TABLE 3 | Efficiency score estimation for major indices (2008 -2023).
Index £ SE 7 c Tail dependence
S&P 500 34.2 1.8 0.28 0.91 0.18
NASDAQ 41.7 2.3 0.31 0.87 0.22
Bitcoin 12.3 3.1 0.52 1.32 0.41
VIX 78.9 0.7 0.19 0.45 0.08
US treasuries 25.4 1.2 0.23 0.62 0.14

TABLE4 | MCMC convergence diagnostics for S&P 500 (a-stable
model).
Parameter  Mean SD R ESS* Tint Kail
" 0.0002 0.0001 1.002 1042 18.2 4.3
logo -5.31 0.08 1.001 2187 8.7 31
1.53 0.06 1.003 1586 11.5 3.8
0.08 0.04 1.001 2542 7.1 2.9

6 0of 9
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TABLE 5 | Efficiency score during crises versus normal periods (2010-2023).

g

Index Normal Crisis AE t-stat 7 0AE oy

S&P 500 34.2 68.9 34.7 18.3 0.28 -82.1

NASDAQ 41.7 76.5 34.8 15.9 0.31 -78.3

Bitcoin 12.3 24.4 12.1 4.1 0.52 -21.7

VIX 78.9 135.2 56.3 23.7 0.19 -99.6

US treasuries 254 51.8 26.4 12.8 0.23 -97.4
TABLE 6 | Efficiency score versus alternative measures. an asymmetric response to crises, addressing concerns

Method Crisis AR? (%) Cost (hr) Basel ITI (%) ra1§ed py B.arndorff—Nlelsen and Shephard [48].. Diffeomor-

phism invariance also enhances robustness to microstructure

Efficiency score +38.7 4.2 100 changes [49].

Hurst exponent +9.3 0.1 62

Martingale test +15.2 12.7 78 The empirical results demonstrate strong discriminatory

Information ratio +22.8 3.5 85 power. A score of 12.3 for Bitcoin indicates informational

Multifractal spectrum 1315 283 01 inefficiency [50], while a score of 78.9 for the VIX confirms

Proposition 1. Furthermore, assets characterized by higher §
exhibit smaller A€ (p = —0.89, p = 0.02), supporting the variance
structure 62 o y 4.

Table 6 compares alternative methods. The efficiency score
shows higher crisis sensitivity (+38.7% AR?) than the next best
alternative, the multifractal spectrum (+31.5%). The framework
separates efficient heavy-tailed assets (Bitcoin) from inefficient
light-tailed ones (VIX); A€ > 30 signals systemic events with 92%
accuracy.

Corollary 1 enables formal efficiency classification. Testing H,, :
&€ <20 against H; : £> 20 at ¢ =0.05: S&P 500 (T, = 7.89,
reject), Bitcoin (7, = —2.48, fail to reject), VIX (T, = 83.71,
reject). The one-sided test H, : £ < cgzp provides a statistically
grounded criterion for systemic risk buffer surcharges.

5 | Discussion

This study integrates semimartingale frameworks [26], Bayesian
inference for heavy-tailed distributions [12-14, 44], and
information-theoretic efficiency measures [21, 45]. The pri-
mary contribution is the development of measure-theoretic
foundations for this integration, which addresses gaps identified
by Cont [1] and Ardakani [46].

Theorem 2 establishes geometric ergodicity for MCMC methods
targeting skewed a-stable posteriors with a € (1,2], extend-
ing the results of Buckle [13], Lombardi [16], and Peters et al.
[17]. Similarly, Qiou and Ravishanker [14] and Qiou et al. [33]
addressed extremes as nuisance parameters. In this framework,
the hierarchical model incorporates tail risk into efficiency
measurement. The proposed efficiency score aims to resolve per-
sistent methodological challenges. Bayesian predictive mutual
information, as defined in Definition 3, captures nonlinear
dependencies not detected by correlation-based measures
[22, 35, 47]. The convexity property in Proposition 1 ensures

its predictability [51]. During the COVID-19 pandemic, &yx
increased to 92.1, signaling market failure three days before
the market-wide trading halts in March 2020. For regula-
tors, 0€/0a offers early warning signals as a approaches
one. For asset managers, assets with low &€ suit momen-
tum strategies, while assets with high £ suit mean-reversion
strategies. A key limitation is the assumption of synchronous
observations. Potential extensions include accommodating
asynchronous trading [49], incorporating multivariate directed
information [15, 42, 52], and implementing regime-switching
frameworks [18].

6 | Conclusion

This paper introduces a framework for measuring market effi-
ciency under a-stable returns. Existence of hierarchical pos-
teriors is established, and geometric ergodicity for MCMC is
demonstrated. The proposed efficiency score overcomes the
limitations of correlation-based and entropy-based measures
by remaining valid under heavy-tailed distributions. Empirical
results show that the score distinguishes efficient heavy-tailed
assets from inefficient light-tailed ones and identifies effi-
ciency breakdowns during financial crises. Future research
directions include: (1) multivariate extensions using directed
information [52]; (2) application of Rényi or Hellinger diver-
gences for a <1; (3) consideration of asynchronous trading
and microstructure noise [49]; (4) regime-switching models
[18]; and (5) applications in cryptocurrency arbitrage and cli-
mate finance. The convexity and invariance properties of the
framework ensure its policy relevance across diverse regulatory
regimes.
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