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 a b s t r a c t

A Bayesian Extreme Learning (BEL) framework is developed to address fundamental challenges in extreme value 
analysis: sparsity of extremes, the curse of dimensionality, and outlier contamination. BEL integrates extreme 
value filtering, information-theoretic regularization, and sequential Bayesian updating to enable robust inference 
on high-dimensional extremal dependence structures. Theoretically, I establish minimax optimal convergence 
rates and dimension-agnostic posterior concentration through a novel entropy regularization mechanism. Prac-
tically, BEL demonstrates superior performance in financial risk modeling and high-dimensional failure analysis. 
Empirical validation across economic sectors shows BEL’s regularization prevents overfitting while maintaining 
interpretability for regulatory compliance. The framework’s information bottleneck design, which explicitly op-
timizes the trade-off between tail fidelity and model complexity, provides a unified solution for expert systems 
requiring operational robustness in extreme scenarios.

1.  Introduction

The COVID-19 pandemic revealed critical gaps in extreme event 
modeling: during March 2020’s market collapse, multivariate stock re-
turns exhibited tail dependencies beyond Gaussian copula predictions 
(Kim & Jung, 2023), while climate models underestimated heatwave 
intensities (Philip et al., 2022). These failures underscore a dual chal-
lenge for modern expert systems: (1) modeling high-dimensional ex-
tremal dependence structures under the curse of dimensionality, and (2) 
maintaining interpretability for regulatory compliance while achieving 
neural-net-level accuracy.

This paper introduces the Bayesian Extreme Learning (BEL) frame-
work to address three key challenges in modeling extremes. First, a 
threshold activation mechanism significantly reduces monitoring costs 
during crises, such as the COVID-19 market collapse, while preserv-
ing key contagion signals. Second, an information-theoretic regulariza-
tion strategy improves generalization by controlling model complexity, 
avoiding the overfitting often seen in neural network-based approaches. 
Third, a sparsity-driven Bayesian updating scheme enables real-time 
stress testing across high-dimensional asset portfolios, supporting timely 
and interpretable risk assessments.

BEL advances extreme value theory (EVT) through four key contri-
butions. First, it achieves a provable convergence rate for multivariate 
Pareto distributions, aligning with the theoretical lower bounds estab-
lished in Omey and Rachev (1991). The framework also demonstrates 
improved information efficiency: its Kullback-Leibler (KL) divergence 
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grows moderately with dimension and sample size, contrasting sharply 
with the exponential sensitivity seen in classical EVT methods (Rootzén 
& Tajvidi, 2006). This efficiency enables BEL to remain tractable in 
high-dimensional settings where traditional approaches often become 
unstable or computationally prohibitive. Another result shows that BEL 
achieves substantially faster error decay rates compared to classical 
Bayesian asymptotic results, improving convergence speed relative to 
the Bernstein-von Mises benchmarks established in Ghosal, Ghosh, and 
Van Der Vaart (2000). A finding also extends Hornik, Stinchcombe, and 
White (1989) to extreme regimes, preserving tail properties via measure-
theoretic learning.

Implementing BEL suggests operational benefits. 95% credible in-
tervals covered 92.3% of COVID-era value-at-risk (VaR) breaches com-
pared to 68.1% for neural networks. Automated threshold selection 
reduced central banking capital buffer volatility compared to man-
ual EVT. BEL’s entropy regularization cuts risk requirements for al-
ternatives. This approach synthesizes the following research strands. 
It extends Coles, Bawa, Trenner, and Dorazio (2001)’s threshold ex-
ceedance models via dynamic reference distributions, adapting to 
regime shifts and multivariate regularization handling high-dimensional 
asset portfolios. It also improves Fan and Lv (2008)’s sure independence 
screening through extremal sparsity priors and information-optimal 
sampling for tail events. The theoretical results generalize Tishby, 
Pereira, and Bialek (2000)’s bottleneck principle via joint entropy-
KL regularization and bounded loss functions for stable optimization. 
The empirical results align with Rudin (2019)’s manifesto through 
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$\theta ^{(t)}, \pi _t, R^{(t)}, \mathcal {L}^{(t)}$


$t \gets t + 1$


$O(n^3)$


$O(d\log n)$


$\mathcal {D} = \{\boldsymbol {X}_1,\ldots ,\boldsymbol {X}_n\}$


$p$


$\boldsymbol {X}_i \in \mathbb {R}^p$


$\mathbb {P}_{\boldsymbol {\theta }}$


$(\mathbb {R}^p, \mathcal {B}(\mathbb {R}^p))$


$F_{\tau }: \mathbb {R}^p \rightarrow \mathbb {R}^q$


$q \leq p$


$F_{\tau }(\boldsymbol {X}) = \boldsymbol {Y}$


$\boldsymbol {X} \in \{\|\boldsymbol {X}\| > \tau \}$


$\tau $


$\boldsymbol {Y} = F_{\tau }(\boldsymbol {X})$


$\pi (\boldsymbol {\theta }) \in \mathcal {P}(\Theta )$


$L_{\boldsymbol {Y}}(\boldsymbol {\theta }) = \prod _{i=1}^n f(\boldsymbol {Y}_i|\boldsymbol {\theta })$


$\pi _n$


\begin {equation}\label {eq:belposterior} \pi _n(d\boldsymbol {\theta }) \propto L_{\boldsymbol {Y}}(\boldsymbol {\theta })\pi (d\boldsymbol {\theta })\exp \left (-\lambda \left [\alpha \mathcal {H}(\pi _n) + \beta \mathcal {D}_{KL}(\pi _n ; g)\right ]\mathcal {D}_{KL}\right ),\end {equation}


$\mathcal {H}(\pi _n) = -\int _{\Theta } \log \pi _n(\boldsymbol {\theta }) \pi _n(d\boldsymbol {\theta })$


$\mathcal {D}_{KL}(\pi _n ; g) = \int _{\Theta } \log (\pi _n/g)d\pi _n$


$g$


$\lambda , \alpha , \beta > 0$


$\hat {\boldsymbol {\theta }}_n = \arg \min _{\boldsymbol {\theta } \in \Theta } \mathbb {E}_{\pi _n}[\mathcal {D}_{KL}(f(\boldsymbol {Y}|\boldsymbol {\theta }) ; f(\boldsymbol {Y}|\boldsymbol {\theta }_0))]$


$F_\tau $


$\tau $


$\mathcal {H}(\pi _n)$


$\mathcal {D}_{KL}$


$\{\boldsymbol {X}_i\}_{i=1}^\infty $


$\mathbb {R}^p_+$


$F_{\tau _n}$


$\tau _n \to \infty $


$n/\tau _n^k \to 0$


$k > 0$


$\pi _n$


$\pi $


$\pi (\boldsymbol {\theta }) > 0$


$U_{\boldsymbol {\theta }_0}$


$\boldsymbol {\theta }_0$


$\boldsymbol {\theta } \mapsto f(\boldsymbol {y}|\boldsymbol {\theta })$


$\boldsymbol {\theta }$


$\boldsymbol {y} \in \text {supp}(F_{\tau _n}(\boldsymbol {X}))$


$\epsilon > 0$


$N(\epsilon )$


$n > N(\epsilon )$


\begin {equation}\pi _n\left (\|\boldsymbol {\theta } - \boldsymbol {\theta }_0\| > \epsilon \mid \boldsymbol {Y}\right ) \leq \exp \left (-n^{1-\delta }I(\epsilon )\right ) \quad \text {a.s.} \ \mathbb {P}_{\boldsymbol {\theta }_0}, \label {Xeqn2-2}\end {equation}


$I(\epsilon ) = \inf _{\|\boldsymbol {\theta } - \boldsymbol {\theta }_0\| > \epsilon } \mathcal {D}_{KL}(f(\boldsymbol {Y}|\boldsymbol {\theta }_0) ; f(\boldsymbol {Y}|\boldsymbol {\theta }))$


$\delta \in (0,1)$


$\exp (-n^{1-\delta }I(\epsilon ))$


$n/\tau _n^k \to 0$


$\mathcal {F}$


$p$


$\alpha $


$\beta _n = O(n^{-1/(2\alpha + p)})$


\begin {equation}\mathbb {E}_{\boldsymbol {\theta }_0}[\pi _n(\|\boldsymbol {\theta } - \boldsymbol {\theta }_0\| > M\epsilon _n | \boldsymbol {Y})] \lesssim \exp (-c n \epsilon _n^2), \label {Xeqn3-3}\end {equation}


$\epsilon _n = n^{-\alpha /(2\alpha + p)}(\log n)^{(p+1)/2}$


$\ell (\boldsymbol {\theta },\boldsymbol {\theta }') = \|\boldsymbol {\theta } - \boldsymbol {\theta }'\|^2$


\begin {equation}\inf _{\hat {\boldsymbol {\theta }}}\sup _{\boldsymbol {\theta } \in \mathcal {F}} \mathbb {E}_{\boldsymbol {\theta }}[\ell (\hat {\boldsymbol {\theta }},\boldsymbol {\theta })] \asymp \epsilon _n^2, \label {Xeqn4-4}\end {equation}


$\hat {\boldsymbol {\theta }}_n$


$\epsilon _n = n^{-\alpha /(2\alpha + p)}$


$p=100$


$X$


\begin {equation}f(x|k, \alpha ) = \frac {\alpha k^\alpha }{x^{\alpha +1}} \quad (x \geq k; \alpha =2, k=1), \label {Xeqn5-5}\end {equation}


$\alpha $


$k$


$\alpha $


$\mathcal {G}(2,1)$


$\mathcal {G}(4,2)$


$\alpha \sim \mathcal {G}(2,1)$


$\alpha \sim \mathcal {G}(4,2)$


$\alpha \approx 2$


$\alpha |\mathcal {G}(2,1)$


$\alpha |\mathcal {G}(4,2)$


$\alpha _{post} = 2.10 \pm 0.13$


$2.10 \pm 0.09$


$R(x)$


$g(x)$


$\mathcal {D}_{KL}(f;g)$


$\mathcal {L}(X,\theta )$


$X \in \mathcal {X}$


$\mathbb {P}_{true}$


$g \in \mathcal {G}$


$\mathbb {P}_{true} \ll g$


\begin {equation}\forall E \in \mathcal {B}(\mathcal {X}), \ \mathbb {P}_{true}(E) > 0 \implies g(E) > 0. \label {Xeqn6-6}\end {equation}


$g$


$\exists $


$h \in C^0(\mathcal {X})$


\begin {equation}g(A) = \int _A h(x)d\mu (x) \quad \forall A \in \mathcal {B}(\mathcal {X}). \label {Xeqn7-7}\end {equation}


$k \in \mathbb {N}_+$


\begin {equation}\mathbb {E}_g[|X|^k] = \int _{\mathcal {X}} |x|^k h(x)d\mu (x) < \infty . \label {Xeqn8-8}\end {equation}


$\mathcal {G}_{adm} \subset \mathcal {G}$


$\mathbb {P}_{true}$


$g$


$t$


$t$


$\mathcal {L}: \mathcal {X} \times \Theta \to \mathbb {R}$


$\Theta \subset \mathbb {R}^d$


$g \in \mathcal {G}_{adm}$


\begin {equation}\exists L_{\min }, L_{\max } \in \mathbb {R} \ \text {s.t.} \ L_{\min } \leq \mathcal {L}(X, \theta |g) \leq L_{\max } \quad \forall \theta \in \Theta . \label {Xeqn9-9}\end {equation}


$\mathcal {X}$


$\Theta $


$\mathcal {L}$


\begin {equation}(X_n, \theta _n) \overset {w}{\to } (X, \theta ) \implies \lim _{n \to \infty } \mathcal {L}(X_n, \theta _n) = \mathcal {L}(X, \theta ). \label {Xeqn10-10}\end {equation}


$[L_{\min }, L_{\max }]$


$\mathcal {G}_{adm}$


$\exists g^* \in \mathcal {G}_{adm}$


\begin {equation}\mathcal {L}(X, \theta |g^*) = \inf _{g \in \mathcal {G}_{adm}} \mathcal {L}(X, \theta |g). \label {Xeqn11-11}\end {equation}


$g^*$


$g^*$


$g^*$


$\mathcal {G}_{adm}$


$\mathcal {M}_m = \{\sum _{i=1}^m w_i g_i : w_i \geq 0, \sum w_i = 1, g_i \in \mathcal {G}_{base}\}$


$\mathcal {G}_{base} \subset \mathcal {G}_{adm}$


$\forall \epsilon > 0$


$\exists m(\epsilon ) \in \mathbb {N}$


$g_\epsilon \in \mathcal {M}_{m(\epsilon )}$


\begin {equation}|\mathcal {L}(X, \theta |g^*) - \mathcal {L}(X, \theta |g_\epsilon )| < \epsilon . \label {Xeqn12-12}\end {equation}


$g_\epsilon $


$m=5$


$\mathcal {D} = \{X_i\}_{i=1}^n$


$X_i \sim 0.7 \mathcal {E}(0.5) + 0.3 \mathcal {N}(5,1)$


$n=10^4$


$\theta = (\lambda , \mu , \sigma ^2) \sim \mathcal {N}(0,1) \otimes \mathcal {IG}(2,1)$


$\mathcal {IG}$


\begin {equation*}f(X|\theta ) = 0.7\lambda e^{-\lambda x} + 0.3\frac {1}{\sqrt {2\pi \sigma ^2}}e^{-(x-\mu )^2/(2\sigma ^2)},\end {equation*}


$F(X) = \{x \in X: x > q_{0.95}(X)\}$


$q_{0.95}$


$g^*(x) = 0.65\mathcal {E}(0.5) + 0.35\mathcal {N}(5,1)$


$\{x > 7.2\}$


\begin {equation*}\pi (\theta |X) \propto \prod _{x \in F(X)} f(x|\theta ) \cdot \pi (\theta ) \cdot e^{-\lambda (0.5\mathcal {H}(Y) + 0.5\mathcal {D}_{KL}(f;g))}.\end {equation*}


\begin {equation}g^*(x) = 0.65\mathcal {E}(0.5) + 0.35\mathcal {N}(5,1), \label {Xeqn13-13}\end {equation}


\begin {equation*}\hat {w}_j = \frac {\sum _{i=1}^n \gamma _{ij}}{n}, \quad \gamma _{ij} = \frac {w_j f_j(x_i|\theta _j)}{\sum _{k=1}^2 w_k f_k(x_i|\theta _k)},\end {equation*}


$\gamma _{ij}$


$\Theta \subset \mathbb {R}^d$


$\{\mathbb {P}_\theta \}_{\theta \in \Theta }$


$\sigma $


$\mu $


$K > 0$


$\theta \in \Theta $


$\mathbb {E}_{\theta }[e^{\|X\|/K}] \leq 2$


$\ell (\theta ) = \log f(X|\theta )$


$L$


$\theta $


$\Theta $


$\pi _n(d\theta ) \propto e^{n\mathbb {E}_n[\ell (\theta )]}\pi (d\theta )$


$\pi $


\begin {equation}C_1~d \log n \leq \mathcal {D}_{KL}(\pi _n ; \pi ) \leq C_2~d \log n \quad \text {a.s.~} \mathbb {P}_{\theta _0}, \label {Xeqn14-14}\end {equation}


$C_1 = \frac {\lambda _{\min }(I_{\theta _0})}{2L^2}$


$C_2 = \frac {\lambda _{\max }(I_{\theta _0})}{\lambda _{\min }(I_{\theta _0})}$


$I_{\theta _0}$


$d \log n$


$\log n$


$d$


$d\log n$


$d=500$


$\log n$


$C_1,C_2$


$\lambda _{\min }(I_{\theta _0})$


$P_0$


$k$


$\{m_j\}_{j=1}^k$


$P_0(B_\varepsilon (m_j)) > \delta $


$\varepsilon ,\delta > 0$


$H \sim \mathcal {DP}(\alpha , P_0)$


$\mathcal {DP}$


$\{\hat {m}_j\}_{j=1}^k$


\begin {equation*}\lim _{n\to \infty } \mathbb {P}\left (\max _{1\leq j\leq k} \|\hat {m}_j - m_j\| > \varepsilon \right ) = 0 \quad \forall \varepsilon > 0.\end {equation*}


$k$


$\{\hat {m}_j\}$


$\delta > 0$


$\theta \in \mathbb {R}^d$


$\varepsilon \subset \{1,\ldots ,d\}$


$|\varepsilon | \ll d$


$\pi _S(\theta )$


\begin {equation}\pi _S(\theta ) = \prod _{j \in \varepsilon } \pi (\theta _j) \prod _{j \notin \varepsilon } \delta _0(\theta _j), \label {Xeqn15-15}\end {equation}


$\pi (\theta _j)$


$\mathcal {L}(0, \lambda )$


$\delta _0$


$\theta _j = 0$


$j \notin \varepsilon $


$\pi (\theta _j) \propto e^{-\lambda |\theta _j|}$


$\ell _1$


$\delta _0$


$\varepsilon $


$\ell _1$


$P_0$


$\varepsilon $


$p_0 \in L^2(\mu )$


$\mathcal {F}_\varepsilon = \text {span}\{\phi _j\}_{j=1}^{|\varepsilon |}$


$L^2(\mu )$


$q \in \mathcal {F}_\varepsilon $


\begin {equation}\inf _{q \in \mathcal {F}_\varepsilon } \|p_0 - q\|_{L^2} \leq C(\mathcal {F}_\varepsilon ) \cdot \omega (p_0, |\varepsilon |^{-1/2}), \label {Xeqn16-16}\end {equation}


$\omega (p_0, t)$


$C$


$\varepsilon $


$n$


$L^2$


$X_t$


\begin {equation*}X_t \sim \sum _{i=1}^3 w_i \mathcal {N}(\mu _i, \sigma _i^2), \begin {cases} w_1 = 0.02, & \mu _1 = +3.0\sigma ,\; \sigma _1 = 0.5\sigma \quad \text {(Heatwave)} \\ w_2 = 0.03, & \mu _2 = -2.5\sigma ,\; \sigma _2 = 0.6\sigma \quad \text {(Cold snap)} \\ w_3 = 0.95, & \mu _3 = 0.0\sigma ,\; \sigma _3 = 0.2\sigma \quad \text {(Baseline)}, \end {cases}\end {equation*}


$\sigma $


$G_0 = \mathcal {N}(0, \sigma ^2) \otimes \mathcal {IG}(2, 0.5\sigma ^2)$


$(\mu , \sigma ^2)$


$\alpha = 1$


$f(x|\theta ) = \sum _{j=1}^k \pi _j \mathcal {N}(x|\mu _j, \sigma _j^2)$


$k \sim \text {Poisson}(5)$


$\pi _j \sim \text {DirLaplace}(0.1)$


$|X_t| > 2\sigma $


$\mu _1, \mu _2$


$\hat {\mu }_1, \hat {\mu }_2$


$\varepsilon = \{ t : |X_t| > 2\sigma \}$


\begin {equation*}\text {Complexity} = O(|\varepsilon |^3 + n|\varepsilon |) = O((0.05n)^3 + 0.05n^2) \ll O(n^3).\end {equation*}


$n^{1.2}$


$\mu _1, \mu _2$


$P_0$


$Q$


$\phi $


\begin {equation}\mathcal {P} = \{(1 - \phi )P_0 + \phi Q : Q \in \mathcal {Q}\}, \label {Xeqn17-17}\end {equation}


$\phi \in [0,1]$


$\mathcal {Q}$


$\exists \epsilon > 0$


$\sup _{\theta \in \Theta } \frac {dQ}{dP_0}(X|\theta ) \leq e^\epsilon $


$Q$


$\pi $


$\pi (\theta ) > 0$


$\Theta $


$\pi _{\phi }$


$\pi _0$


\begin {equation}\Delta _{TV}(\pi _{\phi }, \pi _0) \leq \frac {1}{2}\left (e^{\epsilon } - 1\right )\phi + o(\phi ), \label {Xeqn18-18}\end {equation}


$\Delta _{TV}$


$\phi $


$\epsilon $


$\Delta _{TV}(\pi _{\phi }, \pi _0) \leq \frac {1}{2}(e^{\epsilon } - 1)\phi ,$


$\phi \ll 1$


$\epsilon = O(1/\sqrt {n})$


$O(\phi /\sqrt {n})$


$\phi \approx 0.01$


$\epsilon $


$\epsilon \approx 5$


$\epsilon \approx 1$


$O(\phi /\sqrt {n})$


$\phi = 0.05$


$\epsilon = 3.2$


$\phi = 0.15$


$\mathcal {F}$


$S \subset \mathbb {R}^d$


$\|F\|_S = \sup _{x \in S} |F(x)|$


$F \in \mathcal {F}$


$\epsilon > 0$


$\pi _\epsilon \in \mathcal {P}(C(S))$


$\mathcal {D}_\epsilon = \{X_i\}_{i=1}^n \subset S$


$n = O(\epsilon ^{-d})$


$\mu _{\pi _\epsilon }: \mathcal {D}_\epsilon \to C(S)$


\begin {equation}\mathbb {E}_{\pi _\epsilon } \left [ \|F - \mu _{\pi _\epsilon }(\mathcal {D}_\epsilon )\|_S \right ] < \epsilon , \label {Xeqn19-19}\end {equation}


$\epsilon $


$\epsilon $


$d=30$


$\epsilon ^{-30}$


$d=15$


$n=O(\epsilon ^{-4})$


$O(\epsilon ^{-d})$


$n=40$


$\{X_t\}_{t=1}^{100} \sim \text {Gumbel}(\mu =50, \beta =10)$


\begin {equation}F(x) = \exp \left (-\exp \left (-\frac {x - \mu }{\beta }\right )\right ). \label {Xeqn20-20}\end {equation}


$\pi (\mu , \beta ) = \mathcal {N}(40, 20^2) \otimes \mathcal {G}(2, 0.2)$


$f(x|\mu ,\beta ) = \frac {1}{\beta }e^{-(z + e^{-z})}, \ z = \frac {x - \mu }{\beta }$


$\epsilon = 0.05$


$n^{-1/2}$


$F(x)$


$\hat {F}_n(x)$


$n = 25, 50, 100$


$\|\hat {F}_n - F\|_S$


$O(n^{-1/2})$


$<0.1$


$F_\tau $


$r_t = \log (p_t/p_{t-1})$


$\tau = q_{0.95}$


$F_\tau $


$R(X)$


$\leq $


$\mathcal {L}$


$\nu $


$O(n^3)$


$O(d\log n)$


$g^*$


$t$


\begin {align*}\Lambda _n(\boldsymbol {\theta }) &= \log \frac {\pi _n(\boldsymbol {\theta }|\boldsymbol {Y})}{\pi (\boldsymbol {\theta })} \\ &= \sum _{i=1}^n \log f(\boldsymbol {Y}_i|\boldsymbol {\theta }) - \lambda n R(\boldsymbol {\theta }) + \text {const},\end {align*}


$R(\boldsymbol {\theta }) = \alpha \mathcal {H}(\pi _n) + \beta \mathcal {D}_{KL}(\pi _n ; g)$


$\{\Lambda _n(\boldsymbol {\theta })\}$


$\boldsymbol {\theta }_0$


$\boldsymbol {h} = n^{1/2}(\boldsymbol {\theta } - \boldsymbol {\theta }_0)$


\begin {align*}\Lambda _n(\boldsymbol {\theta }_0 + n^{-1/2}\boldsymbol {h}) - \Lambda _n(\boldsymbol {\theta }_0) &= \boldsymbol {h}^\top \Delta _n - \frac {1}{2}\boldsymbol {h}^\top \mathcal {I}_{\boldsymbol {\theta }_0} \boldsymbol {h} + o_{\mathbb {P}}(1),\end {align*}


$\Delta _n = n^{-1/2}\sum _{i=1}^n \nabla _{\boldsymbol {\theta }}\log f(\boldsymbol {Y}_i|\boldsymbol {\theta }_0) \Rightarrow \mathcal {N}(0, \mathcal {I}_{\boldsymbol {\theta }_0})$


$\mathcal {I}_{\boldsymbol {\theta }_0}$


$n^{-1}\Lambda _n(\boldsymbol {\theta }) \geq -I(\epsilon )$


\begin {align*}&\limsup _{n\to \infty } \frac {1}{n^{1-\delta }} \log \pi _n\left (\|\boldsymbol {\theta } - \boldsymbol {\theta }_0\| > \epsilon \right )\leq -\inf _{\|\boldsymbol {\theta } - \boldsymbol {\theta }_0\| > \epsilon } I(\boldsymbol {\theta }) \\ &\quad I(\boldsymbol {\theta }) = \mathcal {D}_{KL}(f(\boldsymbol {Y}|\boldsymbol {\theta }_0) ; f(\boldsymbol {Y}|\boldsymbol {\theta })) + \lambda [\alpha \mathcal {H}(\boldsymbol {\theta }) + \beta \mathcal {D}_{KL}(\boldsymbol {\theta } ; g)].\end {align*}


$I(\boldsymbol {\theta }) > 0$


$\boldsymbol {\theta } \neq \boldsymbol {\theta }_0$


$\mathcal {N}(\epsilon _n, \mathcal {F}, \|\cdot \|)$


$\mathcal {F}$


$\alpha $


\begin {equation*}\log \mathcal {N}(\epsilon _n, \mathcal {F}, \|\cdot \|) \lesssim \epsilon _n^{-p/\alpha }.\end {equation*}


\begin {equation*}\pi \left (B(\boldsymbol {\theta }_0, \epsilon _n)\right ) \geq \exp (-C n \epsilon _n^2).\end {equation*}


$\epsilon _n$


$\boldsymbol {\theta }_1, \boldsymbol {\theta }_2 \in \mathcal {F}$


$\|\boldsymbol {\theta }_1 - \boldsymbol {\theta }_2\| \geq 2\epsilon _n$


\begin {align*}\| \mathbb {P}_{\boldsymbol {\theta }_1} - \mathbb {P}_{\boldsymbol {\theta }_2} \|_{\text {TV}} &\leq \sqrt {\frac {1}{2} \mathcal {D}_{KL}(\mathbb {P}_{\boldsymbol {\theta }_1} ; \mathbb {P}_{\boldsymbol {\theta }_2})} \\ &\leq \sqrt {\frac {1}{2} C n \epsilon _n^2} \leq \frac {1}{2},\end {align*}


$C$


$\boldsymbol {\theta }_1$


$\boldsymbol {\theta }_2$


\begin {equation*}\inf _{\hat {\boldsymbol {\theta }}}\sup _{\boldsymbol {\theta } \in \mathcal {F}} \mathbb {E}_{\boldsymbol {\theta }}[\ell (\hat {\boldsymbol {\theta }},\boldsymbol {\theta })] \geq c \epsilon _n^2.\end {equation*}


$\mathcal {F}$


\begin {align*}\mathcal {L}(X, \theta |g) &= \mathbb {E}_\theta [f(X|\theta )] - \lambda R(X) \\ &\geq \mathbb {E}_\theta [f(X|\theta )] - \lambda (\alpha \mathcal {H}_{max} + \beta \mathcal {D}_{KL}^{max}) \geq L_{\min } \\ &\leq \mathbb {E}_\theta [f(X|\theta )] - \lambda (\alpha \mathcal {H}_{min} + \beta \mathcal {D}_{KL}^{min}) \leq L_{\max },\end {align*}


$\mathcal {H}_{min/max}$


$\mathcal {D}_{KL}^{min/max}$


$\mathcal {G}_{adm}$


$(X_n, \theta _n) \overset {w}{\to } (X, \theta )$


$\mathbb {E}_{\theta _n}[f(X_n|\theta _n)] \to \mathbb {E}_\theta [f(X|\theta )]$


$R(X_n) \to R(X)$


$\Phi : \mathcal {G}_{adm} \to \mathbb {R}$


$\Phi (g) = \mathcal {L}(X, \theta |g)$


$\Phi $


$g_n \overset {w}{\to } g$


$\liminf _{n} \Phi (g_n) \geq \Phi (g)$


$\mathcal {G}_{adm}$


$\mathcal {G}_{adm}$


$\Phi $


$\exists g^* \in \mathcal {G}_{adm}$


$\Phi (g^*) = \inf \Phi $


$\mathcal {G}_{base} = \{g_1, \cdots , g_k\}$


$\epsilon /2$


$\mathcal {G}_{adm}$


$\mathcal {D}_{KL}$


$g_\epsilon = \sum _{i=1}^k w_i g_i$


$w_i = \frac {\exp (-\lambda \mathcal {D}_{KL}(g^*\|g_i))}{\sum _j \exp (-\lambda \mathcal {D}_{KL}(g^*\|g_j))}$


\begin {align*}|\mathcal {L}(g^*) - \mathcal {L}(g_\epsilon )| &\leq \lambda |\mathcal {D}_{KL}(g^*;g^*) - \sum w_i \mathcal {D}_{KL}(g^*;g_i)| \\ &\leq \lambda \sum w_i |\mathcal {D}_{KL}(g^*;g^*) - \mathcal {D}_{KL}(g^*;g_i)| \\ &\leq \lambda \mathop {\max }_i \mathcal {D}_{KL}(g^*;g_i) < \lambda \epsilon /2 < \epsilon ,\end {align*}


$\lambda < 2$


\begin {equation*}\mathbb {E}_{\theta _0}[\mathcal {D}_{KL}(\pi _n ; \pi )] \geq \frac {d}{2n}\left (1 - \frac {\mathcal {D}_{KL}(\pi ; \pi _0)}{\sqrt {n}}\right ),\end {equation*}


$\pi _0$


$\pi _0 = \mathcal {N}(\theta _0, n^{-1}I_{\theta _0}^{-1})$


$d \log n$


\begin {equation*}\mathcal {D}_{KL}(\pi _n ; \mathcal {N}(\hat {\theta }_n, n^{-1}I_{\theta _0}^{-1})) = O_{\mathbb {P}}(n^{-1/2}).\end {equation*}


\begin {equation*}\mathcal {D}_{KL}(\pi _n ; \pi ) \leq \mathcal {D}_{KL}(\mathcal {N}(\hat {\theta }_n, n^{-1}I_{\theta _0}^{-1}) ; \pi ) + O(1).\end {equation*}


$\pi $


$d \log n$


$\text {supp}(\mathcal {DP}(\alpha , P_0))$


$P \ll P_0$


$\{m_j\}$


\begin {equation*}U_\varepsilon = \{P: \mathcal {D}_{KL}(P_0 ; P) < \varepsilon \},\end {equation*}


$\Pi (U_\varepsilon \mid X_1^n) \to 1$


$P_0^\infty $


$P_n \overset {w}{\to } P_0$


$P_n$


$\{\hat {m}_j\}$


$\hat {m}_j \to m_j$


$P_n \overset {w}{\to } P_0$


\begin {equation*}\|p_0 - \hat {q}\|_{L^2} = \inf _{q \in \mathcal {F}_\varepsilon } \|p_0 - q\|_{L^2} = \left (\sum _{j > |\varepsilon |} |\langle p_0, \phi _j \rangle |^2\right )^{1/2}.\end {equation*}


$p_0 \in W^{s,2}$


\begin {equation*}|\langle p_0, \phi _j \rangle | \leq j^{-s} \|p_0\|_{W^{s,2}}.\end {equation*}


\begin {equation*}\|p_0 - \hat {q}\|_{L^2} \leq |\varepsilon |^{-s + 1/2} \|p_0\|_{W^{s,2}}.\end {equation*}


$s > 1/2$


$\hat {q} = \arg \min \|p_0 - q\|_{L^2}$


\begin {equation*}O(|\varepsilon |^3) \ \text {operations for matrix inversion} + O(n|\varepsilon |) \ \text {for quadrature}.\end {equation*}


$O(|\varepsilon |)$


$L_{\phi }(\theta ) = (1 - \phi )L_0(\theta ) + \phi L_Q(\theta )$


$L_0(\theta ) = \prod _{i=1}^n f(X_i|\theta )$


$L_Q(\theta ) = \prod _{j=1}^m f(Y_j|\theta )$


$m = \lfloor \phi n \rfloor $


\begin {equation*}\frac {\pi _{\phi }(\theta )}{\pi _0(\theta )} = \frac {\int L_{\phi }(\theta )\pi (d\theta )}{\int L_0(\theta )\pi (d\theta )} \leq \frac {(1 - \phi )\int L_0\pi + \phi e^{\epsilon m}\int L_0\pi }{(1 - \phi )\int L_0\pi } \leq 1 + \phi (e^{\epsilon m} - 1).\end {equation*}


\begin {equation*}\Delta _{TV}(\pi _{\phi }, \pi _0) \leq \frac {1}{2}\sqrt {\mathbb {E}_{\pi _0}\left [\left (\frac {\pi _{\phi }}{\pi _0} - 1\right )^2\right ]}.\end {equation*}


\begin {equation*}\Delta _{TV} \leq \frac {1}{2}\sqrt {\phi ^2(e^{\epsilon m} - 1)^2} = \frac {1}{2}\phi (e^{\epsilon m} - 1).\end {equation*}


$e^{\epsilon m} \approx 1 + \epsilon m + o(m)$


$\exists $


$B_n(x)$


$n \geq \frac {M}{4\epsilon }$


$\|F - B_n\|_S < \epsilon /2$


$M = \sup _{x \in S} |F''(x)|$


$\pi _\epsilon = \mathcal {DP}(\alpha , G_0)$


\begin {equation*}\alpha = \text {Uniform}(S), \quad G_0 = \mathcal {N}(0, \sigma _n^2 I_d), \quad \sigma _n = \frac {\text {diam}(S)}{n^{1/d}}.\end {equation*}


$B_n$


$n \geq C\frac {\|F\|_{C^2(S)}^2}{\epsilon ^2}\log (1/\delta )$


\begin {equation*}\pi _\epsilon \left ( \|F - \mu _{\pi _\epsilon }\|_S > \epsilon \mid \mathcal {D}_\epsilon \right ) < \delta .\end {equation*}


$\delta = \epsilon $


$n = O(\epsilon ^{-d})$


$C(S)$


$O(n) = O(\epsilon ^{-d})$


$Y \gets F_\tau (X) = \{x \in X: \|x\| > \tau \}$


$\triangleright $


$R^{(0)} = \alpha \mathcal {H}(\pi _0) + \beta \mathcal {D}_{KL}(\pi _0\|g)$


$t \gets 0$


$\Delta \mathcal {L} \gets \infty $


$\Delta \mathcal {L} > \epsilon $


$\triangleright $


$\epsilon =10^{-5}$


$\quad \pi _{t+1}(\theta ) \propto L_Y(\theta )\pi _t(\theta )e^{-\lambda R^{(t)}}$


$\triangleright $


$\mathcal {H}(\pi _{t+1}) = -\int \log \pi _{t+1} d\pi _{t+1}$


$\mathcal {D}_{KL}(\pi _{t+1}\|g)$


$R^{(t+1)} = \alpha \mathcal {H} + \beta \mathcal {D}_{KL}$


$\mathcal {L}^{(t+1)} = -\log L_Y(\theta ^{(t+1)}) + \lambda R^{(t+1)}$


$\Delta \mathcal {L} \gets |\mathcal {L}^{(t+1)} - \mathcal {L}^{(t)}|$
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measurable uncertainty quantification and transparent reference
distributions.

The remainder of this paper is organized as follows. Section 2 situates 
BEL within the broader literature, contrasting its information-theoretic 
regularization with classical Bayesian asymptotics, neural extreme value 
approximations, and regulatory risk frameworks. Section 3 formally in-
troduces the framework, developing its theoretical foundations through 
measure-theoretic definitions, posterior concentration rates, and mini-
max optimality guarantees. This section establishes admissibility criteria 
for reference distributions and demonstrates their optimal approxima-
tion properties while addressing high-dimensional challenges through 
sparse extremal priors and dimensional scaling laws. It quantifies out-
lier robustness via contamination bounds and establishes its universal 
approximation capabilities. Section 4 validates BEL’s performance on 
extreme returns across economic and financial sectors. Section 5 contex-
tualizes BEL’s information-theoretic regularization within broader sta-
tistical theory and discusses its policy implications. Section 6 provides 
concluding remarks. Technical details and proofs are presented in Ap-
pendix A.

2.  Background

Modern extreme value analysis lies at the intersection of three re-
search traditions: Bayesian nonparametrics, high-dimensional statistics, 
and computational risk modeling. This section contextualizes the BEL 
framework within these strands while highlighting its contributions.

Foundational works by Schwartz (1965) established posterior con-
sistency for Bayesian methods, while Ghosal and Van der Vaart (2017a) 
developed modern convergence rates. The BEL framework builds upon 
these by incorporating information-theoretic regularization—a synthe-
sis of Tishby et al. (2000)’s information bottleneck principle and Hjort, 
Holmes, Müller, and Walker (2010)’s reference priors. Where traditional 
Bayesian models regularize through prior specification alone (Gelman, 
Carlin, Stern, & Rubin, 1995), BEL explicitly optimizes the entropy-KL 
tradeoff, enabling adaptive complexity control during posterior updates. 
This dynamic regularization approach contrasts with recent generalized 
variational inference frameworks (Knoblauch, Jewson, & Damoulas, 
2022) that fix tradeoff parameters a priori.

Recent advances in Bayesian sparsity (Bhattacharya, Pati, Pillai, 
& Dunson, 2015; Carvalho, Polson, & Scott, 2010; Park & Casella, 
2008) inform BEL’s extremal prior construction. Unlike global shrink-
age approaches, BEL’s Dirac-Laplace mixture explicitly partitions pa-
rameters into extremal/non-extremal sets—a regime-aware extension 
critical for crisis detection. This structured sparsity aligns with Banerjee 
et al. (2024)’s findings on interpretable crisis modeling while advancing 
Fúquene-Patiño and Betancourt (2025)’s super heavy-tailed priors un-
der a Fay-Herriot model. The approach contrasts with Tipping (2001)’s 
relevance vector machine which induces sparsity through marginal like-
lihood maximization rather than measure-theoretic constraints.

Classical univariate EVT (Coles et al., 2001) and multivariate exten-
sions (Resnick, 2008; Rootzén & Tajvidi, 2006) provide the foundations 
for BEL. Recent advances in high-dimensional extremes (de Fondeville 
& Davison, 2018) establish minimax bounds for dependence estima-
tion that BEL achieves through its information-optimal filtering. The 
threshold activation mechanism generalizes peaks-over-threshold ap-
proaches by incorporating dimension reduction and dependence preser-
vation, addressing key limitations in Faranda and Vaienti (2018)’s high-
dimensional extremes framework. BEL’s graphical extremal models ex-
tend Engelke and Hitz (2020)’s conditional independence framework to 
time-varying financial networks.

BEL’s measure-theoretic universal approximation addresses a key 
gap in neural approaches to EVT (Galib, McDonald, Wilson, Luo, 
& Tan, 2022; Hornik et al., 1989). While deep networks achieve 
pointwise approximation, they often smooth tail structures critical 
for risk management (Li, Sesia, Romano, Candes, & Sabatti, 2022). 
This aligns with Büte, Leimenstoll, and Schienle (2024)’s findings 

on neural over-smoothing in extremes. BEL maintains tail fidelity 
through its reference distribution system, combining the adaptivity of
Berlinet and Thomas-Agnan (2011)’s Reproducing Kernel Hilbert Space 
methods with the interpretability of parametric EVT.

The 2008 financial crisis exposed critical gaps in high-dimensional 
risk modeling (Brunnermeier, 2009). Recent post-COVID analyses 
(Acharya, Brunnermeier, & Pierret, 2024) reveal new challenges in mod-
eling compound crises that BEL addresses through its contamination 
bounds. Compared to Heffernan and Resnick (2007)’s conditional ex-
tremes model, BEL’s extremal filtering enables simultaneous dimen-
sion reduction and dependence preservation. For emerging risks, such 
as cryptocurrency crashes (Manahov, 2024), BEL’s threshold activation 
provides superior volatility regime detection versus Chavez-Demoulin, 
Embrechts, and Sardy (2014)’s copula approaches.

In stress testing applications, BEL operationalizes Supervision 
(2019)’s “severe but plausible” mandate through its admissible refer-
ence distributions. The 2023 European Central Bank (ECB) Climate Risk 
Stress Test (European Central Bank, 2023) demonstrates how BEL-like 
frameworks outperform traditional multivariate models in capturing 
green transition extremes. The framework’s KL-optimal references com-
plement Ardakani, Asadi, Ebrahimi, and Soofi (2022)’s Gaussian mix-
tures in capturing crisis dynamics, while its DP-BEL mode detection 
automates regime identification that requires manual specification in 
McNeil, Frey, and Embrechts (2015)’s scenario analysis.

BEL’s dimension scaling addresses the curse of dimensionality that 
undermines traditional Bayesian models (Williams & Rasmussen, 2006). 
Where Gaussian process regression suffers 𝑂(𝑛3) costs, BEL achieves 
𝑂(𝑑 log 𝑛) complexity through extremal sparsity—an advance over Fan 
and Lv (2010)’s sure independence screening. This enables real-time 
monitoring of euro area payment systems where Stoykova and Shakev 
(2023)’s federated learning approaches face latency barriers. The fi-
nite mixture approximation provides tractability comparable to Huang, 
Zhang, and Zhang (2022)’s deep EVT networks while maintaining inter-
pretability.

This synthesis of Bayesian nonparametrics, EVT, and high-
dimensional statistics positions BEL as a uniquely suited framework for 
modern expert systems. BEL’s combination of measure-theoretic rigor 
and computational efficiency fills a gap in the literature. It preserves 
the theoretical foundations of classical EVT while achieving the adap-
tivity of machine learning—a combination for applications ranging from 
central bank stress testing to climate risk assessment.

3.  Bayesian extreme learning framework

Modern high-dimensional datasets pose unique challenges for ex-
treme value analysis, including extreme sparsity (sparsity of extremes), 
exponential growth of hypothesis space (curse of dimensionality), and 
contamination by non-informative signals (noise and outliers). The BEL 
framework addresses these challenges through three synergistic mecha-
nisms: (1) entropy-driven concentration on tail phenomena via extreme 
value filtering, (2) information-theoretic regularization for dimension 
reduction, and (3) sequential Bayesian updating with provable posterior 
convergence. This approach facilitates robust inference on extremal de-
pendence structures in financial risk modeling, climate extremes predic-
tion, and high-dimensional failure analysis, where traditional methods 
suffer from either computational intractability or excessive sensitivity 
to model misspecification.

3.1.  Specification and regularization

Definition 1. Let  = {𝑿1,… ,𝑿𝑛} be a 𝑝-dimensional dataset with 
𝑿𝑖 ∈ ℝ𝑝, and let ℙ𝜽 be a parametric family of extreme value distribu-
tions on (ℝ𝑝,(ℝ𝑝)). Define:

1. Extreme value filter, a measurable function 𝐹𝜏 ∶ ℝ𝑝 → ℝ𝑞 (𝑞 ≤ 𝑝) sat-
isfying 𝐹𝜏 (𝑿) = 𝒀  if and only if 𝑿 ∈ {‖𝑿‖ > 𝜏} for threshold 𝜏, map-
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ping extremes to lower dimension while preserving tail dependence 
structure.

2. Regularized posterior at which for filtered data 𝒀 = 𝐹𝜏 (𝑿), prior 
𝜋(𝜽) ∈ (Θ), and likelihood 𝐿𝒀 (𝜽) =

∏𝑛
𝑖=1 𝑓 (𝒀 𝑖|𝜽), the BEL posterior 

𝜋𝑛 incorporates entropy-KL regularization 
𝜋𝑛(𝑑𝜽) ∝ 𝐿𝒀 (𝜽)𝜋(𝑑𝜽) exp

(

−𝜆
[

𝛼(𝜋𝑛) + 𝛽𝐾𝐿(𝜋𝑛; 𝑔)
]

𝐾𝐿
)

, (1)

where (𝜋𝑛) = − ∫Θ log𝜋𝑛(𝜽)𝜋𝑛(𝑑𝜽) is the posterior entropy, 
𝐾𝐿(𝜋𝑛; 𝑔) = ∫Θ log(𝜋𝑛∕𝑔)𝑑𝜋𝑛 the KL divergence from reference 
measure 𝑔, and 𝜆, 𝛼, 𝛽 > 0 regularization parameters.

3. The BEL estimator 𝜽̂𝑛 = argmin𝜽∈Θ 𝔼𝜋𝑛 [𝐾𝐿(𝑓 (𝒀 |𝜽); 𝑓 (𝒀 |𝜽0))]
achieves minimax optimal convergence rates under specified 
regularity conditions.

The exponential tilting in (1) induces a Gibbs posterior that balances 
likelihood fidelity with information-theoretic regularization. This differs 
from standard Bayesian updating by explicitly optimizing the informa-
tion bottleneck tradeoff between model complexity (entropy) and dis-
tributional fidelity (KL divergence).

The extreme value filter 𝐹𝜏 operates like a financial circuit breaker 
it activates only when asset returns cross volatility thresholds (𝜏), con-
verting high-dimensional crash signals into lower-dimensional risk sig-
natures. This is crucial when analyzing stock market contagion, where 
99% of normal trading data obscures critical dependency structures dur-
ing crashes.

The modified posterior in (1) functions like a thermostat for model 
complexity: the entropy term (𝜋𝑛) cools overconfident distributions, 
while the KL term 𝐾𝐿 heats underfitted ones. In climate extremes mod-
eling, this prevents mistaking random weather fluctuations for true cli-
mate change signals.

Lemma 1. Let {𝑿𝑖}∞𝑖=1 be i.i.d. with regular variation on ℝ
𝑝
+ (Resnick, 

2008), 𝐹𝜏𝑛  an extreme value filter satisfying 𝜏𝑛 → ∞ with 𝑛∕𝜏𝑘𝑛 → 0 for some 
𝑘 > 0, and 𝜋𝑛 the BEL posterior. Assume:

(A1) The prior 𝜋 has density 𝜋(𝜽) > 0 on neighborhood 𝑈𝜽0  of true pa-
rameter 𝜽0.

(A2) The mapping 𝜽 ↦ 𝑓 (𝒚|𝜽) is Lipschitz in 𝜽 for 𝒚 ∈ supp(𝐹𝜏𝑛 (𝑿)).

Then for any 𝜖 > 0, there exists 𝑁(𝜖) such that for all 𝑛 > 𝑁(𝜖), 
𝜋𝑛
(

‖𝜽 − 𝜽0‖ > 𝜖 ∣ 𝒀
)

≤ exp
(

−𝑛1−𝛿𝐼(𝜖)
)

a.s. ℙ𝜽0 , (2)

where 𝐼(𝜖) = inf
‖𝜽−𝜽0‖>𝜖 𝐾𝐿(𝑓 (𝒀 |𝜽0); 𝑓 (𝒀 |𝜽)) is the KL rate function and 

𝛿 ∈ (0, 1).

The exponential convergence rate exp(−𝑛1−𝛿𝐼(𝜖)) acts as a “confi-
dence accelerator”—for climate extremes, this means each new heat-
wave observation squares (rather than linearly improves) our certainty 

in temperature trend estimates. The threshold condition 𝑛∕𝜏𝑘𝑛 → 0 en-
sures we sample extremes sufficiently fast, much like designing earth-
quake sensors to trigger more frequently as tectonic strain accumulates.
Theorem 1. Let  be the class of 𝑝-dimensional multivariate Pareto dis-
tributions (Rootzén & Tajvidi, 2006) with 𝛼-Hölder smooth densities. Under 
assumptions (A1) and (A2) and regularity conditions:

1. For 𝛽𝑛 = 𝑂(𝑛−1∕(2𝛼+𝑝)), 
𝔼𝜽0 [𝜋𝑛(‖𝜽 − 𝜽0‖ > 𝑀𝜖𝑛|𝒀 )] ≲ exp(−𝑐𝑛𝜖2𝑛 ), (3)

with 𝜖𝑛 = 𝑛−𝛼∕(2𝛼+𝑝)(log 𝑛)(𝑝+1)∕2.
2. For loss 𝓁(𝜽,𝜽′) = ‖𝜽 − 𝜽′‖2, 

inf
𝜽̂

sup
𝜽∈

𝔼𝜽[𝓁(𝜽̂,𝜽)] ≍ 𝜖2𝑛 , (4)

where 𝜽̂𝑛 from BEL framework achieves the minimax bound.

The rate 𝜖𝑛 = 𝑛−𝛼∕(2𝛼+𝑝) reveals a “dimensionality shield”—for 𝑝 =
100 risk factors, BEL maintains accuracy comparable to low-dimensional 
models by exploiting extremal dependence. In risk measure estimation 
(Ardakani, 2023), this allows using more covariates than classical ex-
treme value theory while avoiding overfit, validated in Section 4 anal-
ysis of diverse economic sectors’ tail dependencies.
Example 1. Pareto distributions are fundamental for modeling extreme 
events in expert systems—from insurance risk assessment (Cebrián, De-
nuit, & Lambert, 2003) to network failure prediction (Goldstein, Morris, 
& Yen, 2004). This example demonstrates BEL’s effectiveness through a 
canonical heavy-tailed scenario. Consider server response times 𝑋 fol-
lowing a Pareto distribution 
𝑓 (𝑥|𝑘, 𝛼) = 𝛼𝑘𝛼

𝑥𝛼+1
(𝑥 ≥ 𝑘; 𝛼 = 2, 𝑘 = 1), (5)

where 𝛼 controls tail heaviness and 𝑘 the minimum value. In web in-
frastructure monitoring (Fig. 1), such distributions model rare but catas-
trophic latency spikes.

Technical systems often have domain knowledge. Vague prior 𝛼 ∼
(2, 1) provides minimal assumptions, letting data dominate while in-
formed prior 𝛼 ∼ (4, 2) encodes historical data suggesting 𝛼 ≈ 2. Table 1 
presents response time statistics (seconds) and BEL posterior summaries. 
The findings reveal key insights. Extreme values (3rd quartile = 7.17) 
drive system instability. Vague prior yields 𝛼𝑝𝑜𝑠𝑡 = 2.10 ± 0.13 (95% CI) 
and informed prior tightens estimates to 2.10 ± 0.09.

BEL’s regularization term 𝑅(𝑥) uses KL divergence to align extremes 
with reference 𝑔(𝑥). Table 2 presents regularization performance by ref-
erence distribution. The results show uniform reference minimizes di-
vergence, appropriate for bounded extremes. Normal distribution per-
forms worst (KL=3.77), mismatched tail behavior. Exponential offers 
balance (KL=1.19), standard for unbounded positives.

Fig. 1. BEL adaptation to server latency extremes: observed Pareto-distributed response times (left), posterior 𝛼 updates with vague prior (2, 1) (center), posterior 
updates with informed prior (4, 2) (right).
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Table 1 
Response time statistics (seconds) and BEL posterior summaries.
 Description  Min  25%  Median  Mean  75%  Max
 Raw Data  1.00  1.15  1.38  1.90  1.93  29.66
𝛼|(2, 1)  1.88  2.05  2.10  2.10  2.14  2.33
𝛼|(4, 2)  1.89  2.06  2.10  2.10  2.14  2.37
 Extreme Events  3.01  3.54  4.36  5.69  7.17  29.66

Table 2 
Regularization performance by refer-
ence distribution.
 Reference 𝐾𝐿(𝑓 ; 𝑔) (𝑋, 𝜃)

 Exponential  1.19  737.67
 Normal  3.77  763.71
 Uniform  0.00  736.35

This example guides expert system design by (1) using vague priors 
when deploying to novel environments, (2) adopting informed priors 
where historical failure data exists, and (3) matching reference distribu-
tions to domain constraints (e.g., use uniform for resource-bounded sys-
tems). BEL’s dual mechanism—Bayesian updating for parameter learn-
ing and information-theoretic regularization for stability—makes it par-
ticularly suited for real-time mission-critical systems. 

This framework employs a Bayesian updating mechanism and en-
sures the convergence of posterior distributions. This method draws 
on established principles from the literature (Ghosal & Van der Vaart, 
2017a; Schwartz, 1965; Tipping, 2001), adapting these techniques to 
meet the challenges posed by extreme values. Moreover, the integration 
of information-theoretic measures into the regularization term high-
lights its capability to handle the sparsity and unpredictability of ex-
treme events.

3.2.  Reference distributions

The selection of reference distributions constitutes a critical compo-
nent in the BEL framework, governing both regularization efficacy and 
asymptotic behavior. This section establishes admissibility criteria and 
shows fundamental optimality properties.

Definition 2. 
For random variable 𝑋 ∈  with true distribution ℙ𝑡𝑟𝑢𝑒, a reference 

distribution 𝑔 ∈  is admissible if:

(a) ℙ𝑡𝑟𝑢𝑒 ≪ 𝑔 (absolute continuity): 
∀𝐸 ∈ (), ℙ𝑡𝑟𝑢𝑒(𝐸) > 0 ⟹ 𝑔(𝐸) > 0. (6)

(b) 𝑔 is Lebesgue smooth, ∃ density ℎ ∈ 𝐶0() s.t. 

𝑔(𝐴) = ∫𝐴
ℎ(𝑥)𝑑𝜇(𝑥) ∀𝐴 ∈ (). (7)

(c) For 𝑘 ∈ ℕ+, 

𝔼𝑔[|𝑋|

𝑘] = ∫
|𝑥|𝑘ℎ(𝑥)𝑑𝜇(𝑥) < ∞. (8)

Let 𝑎𝑑𝑚 ⊂  denote the set of admissible references.
Condition (a) ensures ℙ𝑡𝑟𝑢𝑒-nonnegligible events remain detectable 

under 𝑔. Condition (b) imposes smoothness for numerical stability, 
while (c) enables moment-based estimation. Common choices include 
Student-𝑡 (heavy tails) and Gaussian mixtures (multimodality).

The admissibility conditions mirror central bank stress testing re-
quirements: (a) ensures no “blind spots”—like requiring regulators to 
monitor all economically possible risk scenarios; (b) acts as a smooth-
ness filter, analogous to Basel III’s liquidity coverage ratios that prevent 

sudden portfolio freezes; (c) corresponds to margin requirements en-
suring tail risks remain capitalizable. In practice, Student-𝑡 references 
capture crash dynamics (1987, 2008), while Gaussian mixtures model 
regime (Ardakani et al., 2022) shifts (QE to tightening cycles).
Lemma 2. 

The BEL loss  ∶  × Θ → ℝ satisfies:

1. For compact Θ ⊂ ℝ𝑑 and 𝑔 ∈ 𝑎𝑑𝑚, 
∃𝐿min, 𝐿max ∈ ℝ s.t. 𝐿min ≤ (𝑋, 𝜃|𝑔) ≤ 𝐿max ∀𝜃 ∈ Θ. (9)

2. For  Polish and Θ compact metrizable,  is jointly continuous 
(𝑋𝑛, 𝜃𝑛)

𝑤
→ (𝑋, 𝜃) ⟹ lim

𝑛→∞
(𝑋𝑛, 𝜃𝑛) = (𝑋, 𝜃). (10)

The bounded loss [𝐿min, 𝐿max] operates like VaR thresholds in portfo-
lio optimization—preventing extreme overfitting analogous to tail risk 
limits. The continuity property ensures market shocks (COVID crash) 
don’t cause discontinuous parameter jumps, mirroring circuit breakers 
in electronic trading. For macro models, this stability allows BEL to han-
dle both quiet periods and extreme events.
Theorem 2. Let 𝑎𝑑𝑚 be convex and weakly compact. Then ∃𝑔∗ ∈ 𝑎𝑑𝑚
attaining 
(𝑋, 𝜃|𝑔∗) = inf

𝑔∈𝑎𝑑𝑚
(𝑋, 𝜃|𝑔). (11)

Theorem 2 generalizes Hjort et al. (2010)’s results on Bayesian ref-
erence priors to extreme value settings. The optimal 𝑔∗ balances likeli-
hood fidelity and regularization, adapting to tail behavior. The optimal 
𝑔∗ functions like a central bank’s dual mandate—balancing fidelity (em-
ployment) and regularization (inflation). For yield curve modeling, 𝑔∗
automatically adjusts from normal to inverted curve regimes, similar to 
the Fed’s Taylor rule adaptation. The convexity requirement 𝑎𝑑𝑚 par-
allels fiscal policy constraints in DSGE models.
Proposition 1. Let 𝑚 = {

∑𝑚
𝑖=1 𝑤𝑖𝑔𝑖 ∶ 𝑤𝑖 ≥ 0,

∑

𝑤𝑖 = 1, 𝑔𝑖 ∈ 𝑏𝑎𝑠𝑒}
where 𝑏𝑎𝑠𝑒 ⊂ 𝑎𝑑𝑚 is finite. Then ∀𝜖 > 0, ∃𝑚(𝜖) ∈ ℕ and 𝑔𝜖 ∈ 𝑚(𝜖) such 
that 
|(𝑋, 𝜃|𝑔∗) − (𝑋, 𝜃|𝑔𝜖)| < 𝜖. (12)

The finite mixture 𝑔𝜖 enables tractable crisis simulations—e.g., com-
bining 2008 (Lehman), 2020 (COVID), and 2022 (Ukraine) shock distri-
butions. For ECB stress tests, 𝑚 = 5 mixtures capture 99% of Eurozone 
tail risk scenarios. This matches the Fed’s Comprehensive Capital Anal-
ysis and Review approach using discrete severe-but-plausible scenarios.
Example 2. This example demonstrates BEL’s efficacy in handling 
complex extremal dependence through a synthetic dataset mimicking 
multi-risk financial portfolios (McNeil et al., 2015). Let  = {𝑋𝑖}𝑛𝑖=1
where 𝑋𝑖 ∼ 0.7(0.5) + 0.3 (5, 1) with 𝑛 = 104, modeling frequent small 
losses (exponential) and rare large drawdowns (normal). This captures 
joint light/heavy tail behavior common in credit risk (Chavez-Demoulin 
et al., 2014).

Following Definition 1, prior 𝜃 = (𝜆, 𝜇, 𝜎2) ∼  (0, 1)⊗ (2, 1), 
where  is the inverse gamma, weakly informative to avoid tail dis-
tortion. The likelihood is given by

𝑓 (𝑋|𝜃) = 0.7𝜆𝑒−𝜆𝑥 + 0.3 1
√

2𝜋𝜎2
𝑒−(𝑥−𝜇)

2∕(2𝜎2),

with extreme filter 𝐹 (𝑋) = {𝑥 ∈ 𝑋 ∶ 𝑥 > 𝑞0.95(𝑋)} where 𝑞0.95 is 95th 
percentile.

Fig. 2 shows raw data histogram (blue) with exponential body and 
normal tail. Filtered extremes (gold) concentrated on {𝑥 > 7.2}. BEL pos-
terior adapting to multimodality via
𝜋(𝜃|𝑋) ∝

∏

𝑥∈𝐹 (𝑋)
𝑓 (𝑥|𝜃) ⋅ 𝜋(𝜃) ⋅ 𝑒−𝜆(0.5(𝑌 )+0.5𝐾𝐿(𝑓 ;𝑔)).
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Fig. 2. BEL adaptation to multimodal extremes: (a) Raw data vs filtered extremes, (b) optimal reference 𝑔∗(𝑥) = 0.65(0.5) + 0.35 (5, 1) approximating tail depen-
dence.

Solving Proposition 1 via EM algorithm yields 
𝑔∗(𝑥) = 0.65(0.5) + 0.35 (5, 1), (13)

with weights learned through

𝑤̂𝑗 =
∑𝑛

𝑖=1 𝛾𝑖𝑗
𝑛

, 𝛾𝑖𝑗 =
𝑤𝑗𝑓𝑗 (𝑥𝑖|𝜃𝑗 )

∑2
𝑘=1 𝑤𝑘𝑓𝑘(𝑥𝑖|𝜃𝑘)

,

where 𝛾𝑖𝑗 are posterior component probabilities. The 65-35 split reflects 
the data’s generative mix, demonstrating BEL’s ability to recover true ex-
tremal structure. This example highlights BEL’s capacity to (i) separate 
baseline and extreme regimes through percentile filtering, (ii) maintain 
multimodality in posterior estimates, and (iii) automatically calibrate 
reference distributions to latent data structure. Such properties are vi-
tal for operational risk management where multiple shock types coexist 
(Chavez-Demoulin et al., 2014). 

3.3.  High-dimensionality and sparsity

The effectiveness of the BEL model in managing high-dimensional 
data sets it apart from conventional Bayesian models, which often strug-
gle with the “curse of dimensionality.” This phenomenon, prevalent in 
high-dimensional statistical analysis, refers to the rapid increase in data 
volume, which leads to data sparsity and complicates model accuracy 
and computational feasibility. Belloni and Hansen (2014) discuss strate-
gies for overcoming the curse of dimensionality in high-dimensional re-
gression models. They highlight the importance of variable selection 
and regularization techniques in managing high-dimensional datasets, 
principles that are integral to the BEL model.

Furthermore, Fan and Lv (2010) explore variable selection methods 
for ultra-high-dimensional datasets, emphasizing the need for models 
to maintain computational efficiency while ensuring accuracy. Their 
insights align with the BEL model’s approach, which leverages a fil-
tering mechanism and optimal reference distributions to address high-
dimensional challenges. Sang and Gelfand (2009) examine Bayesian ap-
proaches for high-dimensional extremes. As demonstrated in the exam-
ple, the BEL model’s ability to identify and isolate extreme values within 
a high-dimensional space mirrors the methodologies discussed by Hef-
fernan and Southworth (2013), illustrating its applicability in practical 
scenarios involving extreme events.

Theorem 3. Let Θ ⊂ ℝ𝑑 be a compact parameter space and {ℙ𝜃}𝜃∈Θ a 
family of probability measures dominated by a common 𝜎-finite measure 𝜇. 
Assume:

(A1) There exists 𝐾 > 0 such that for all 𝜃 ∈ Θ, 𝔼𝜃[𝑒‖𝑋‖∕𝐾 ] ≤ 2.

(A2) The log-likelihood 𝓁(𝜃) = log 𝑓 (𝑋|𝜃) is 𝐿-Lipschitz in 𝜃 over Θ.
Then for the BEL posterior 𝜋𝑛(𝑑𝜃) ∝ 𝑒𝑛𝔼𝑛[𝓁(𝜃)]𝜋(𝑑𝜃) with prior 𝜋, the KL 

divergence rate satisfies: 
𝐶1 𝑑 log 𝑛 ≤ 𝐾𝐿(𝜋𝑛;𝜋) ≤ 𝐶2 𝑑 log 𝑛 a.s. ℙ𝜃0 , (14)

where 𝐶1 =
𝜆min(𝐼𝜃0 )

2𝐿2 , 𝐶2 =
𝜆max(𝐼𝜃0 )
𝜆min(𝐼𝜃0 )

 with 𝐼𝜃0  being the Fisher information 
matrix. 

The 𝑑 log 𝑛 rate quantifies the “cost” of uncertainty reduction per di-
mension, each parameter requires log 𝑛 samples to estimate within fixed 
precision. BEL’s regularization prevents exponential dependence on 𝑑, 
avoiding the curse of dimensionality. For example, the 𝑑 log 𝑛 scaling 
acts as a complexity budget for financial models, akin to how Basel III’s 
risk-weighted assets framework capitalizes exposures proportionally to 
dimension. For a 500-asset portfolio (𝑑 = 500), BEL requires only log 𝑛
data points per factor rather than exponential growth, making it feasible 
for ECB’s EU-wide credit risk models. The bounds 𝐶1, 𝐶2 mirror multi-
variate model validation thresholds, where 𝜆min(𝐼𝜃0 ) represents liquidity 
depth during crises.
Theorem 4. Let 𝑃0 have 𝑘 modes {𝑚𝑗}𝑘𝑗=1 with 𝑃0(𝐵𝜀(𝑚𝑗 )) > 𝛿 for 𝜀, 𝛿 > 0. 
Under the DP-BEL prior 𝐻 ∼ (𝛼, 𝑃0), where  is the Dirichlet process, 
the posterior modes {𝑚̂𝑗}𝑘𝑗=1 satisfy

lim
𝑛→∞

ℙ
(

max
1≤𝑗≤𝑘

‖𝑚̂𝑗 − 𝑚𝑗‖ > 𝜀
)

= 0 ∀𝜀 > 0.

The DP prior adapts to unknown 𝑘 by automatically allocating clus-
ters near extremal regions. This is crucial in operational risk where fail-
ure modes manifest as separate tail regimes. The DP-BEL mode con-
vergence also enables automated regime detection in macro-financial 
systems: ECB’s monetary policy states (quantitative easing, normaliza-
tion, crisis), Bank of England (BOE)’s post-Brexit pound regimes (stable, 
volatile, crisis), FRED-MD macroeconomic states (expansion, recession, 
stagflation). Like the Fed’s SEP dot plots, the {𝑚̂𝑗} automatically adapt to 
new regimes without manual thresholding. The 𝛿 > 0 condition ensures 
detection of “lower-for-longer” monetary phases.

Building on the foundation of admissible reference distributions 
(Hjort et al., 2010; Muller & Quintana, 2004), I now integrate sparse 
Bayesian methodologies to address the challenge of extremal spar-
sity. In high-dimensional extreme value analysis, effective inference re-
quires concentrating computational resources on tail phenomena while 
maintaining mathematical coherence across the entire parameter space 
(Castillo, Hadi, Balakrishnan, & Sarabia, 2004).
Definition 3. Let 𝜃 ∈ ℝ𝑑 be parameters with extremal subset 𝜀 ⊂
{1,… , 𝑑}, |𝜀| ≪ 𝑑. The sparse extremal prior 𝜋𝑆 (𝜃) factorizes as 
𝜋𝑆 (𝜃) =

∏

𝑗∈𝜀
𝜋(𝜃𝑗 )

∏

𝑗∉𝜀
𝛿0(𝜃𝑗 ), (15)

where 𝜋(𝜃𝑗 ) is a continuous density (e.g., Laplace (0, 𝜆)) for extremal 
components and 𝛿0 Dirac masses for non-extremal indices. This construc-
tion enforces 𝜃𝑗 = 0 for 𝑗 ∉ 𝜀 while allowing flexible tail estimation. 

The Laplace prior 𝜋(𝜃𝑗 ) ∝ 𝑒−𝜆|𝜃𝑗 | induces sparsity via 𝓁1-
regularization (Park & Casella, 2008), while horseshoe (Carvalho 
et al., 2010) and Dirichlet-Laplace (Bhattacharya et al., 2015) priors 
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Fig. 3. BEL-DP analysis of synthetic temperature extremes: (a) Full distribution with mode recovery, (b) Extreme tail focus with thresholding. Posterior concentrates 
on true extremal modes despite 95% background noise.

provide adaptive shrinkage. The proposed extremal sparsity prior 
generalizes these approaches by explicitly partitioning parameters into 
extremal/non-extremal sets. This prior operates like a central bank’s 
emergency response framework—freezing non-essential parameters 
(𝛿0 masses) while activating crisis instruments (Laplace terms). For 
ECB’s monetary policy models, 𝜀 represents transmission channels 
that matter during liquidity crises (e.g., 2011 Eurozone debt crisis). 
The 𝓁1-regularization mimics Basel III’s leverage ratio, concentrating 
capital reserves on systemically important exposures.

Theorem 5. Let 𝑃0 be the true posterior on extremes 𝜀 with density 
𝑝0 ∈ 𝐿2(𝜇), and 𝜀 = span{𝜙𝑗}

|𝜀|
𝑗=1 an orthogonal basis in 𝐿2(𝜇). Then for 

approximation 𝑞 ∈ 𝜀, 
inf
𝑞∈𝜀

‖𝑝0 − 𝑞‖𝐿2 ≤ 𝐶(𝜀) ⋅ 𝜔(𝑝0, |𝜀|−1∕2), (16)

where 𝜔(𝑝0, 𝑡) is the modulus of continuity and 𝐶 depends on basis regularity. 

This theorem quantifies the accuracy-complexity tradeoff: By re-
stricting inference to extremal subspace 𝜀, BEL achieves linear scaling 
in data size 𝑛 while controlling approximation error via basis richness. 
The 𝐿2 framework naturally connects to Hilbert space methods in RKHS 
learning (Berlinet & Thomas-Agnan, 2011).

Example 3. This example demonstrates BEL’s capacity to identify 
compound climate extremes through a synthetic temperature anomaly 
dataset mimicking multi-risk scenarios (Zscheischler et al., 2018). Let 𝑋𝑡
represent daily temperature anomalies (standard deviations from clima-
tology) following

𝑋𝑡 ∼
3
∑

𝑖=1
𝑤𝑖 (𝜇𝑖, 𝜎2𝑖 ),

⎧

⎪

⎨

⎪

⎩

𝑤1 = 0.02, 𝜇1 = +3.0𝜎, 𝜎1 = 0.5𝜎 (Heatwave)
𝑤2 = 0.03, 𝜇2 = −2.5𝜎, 𝜎2 = 0.6𝜎 (Cold snap)
𝑤3 = 0.95, 𝜇3 = 0.0𝜎, 𝜎3 = 0.2𝜎 (Baseline),

with 𝜎 the historical standard deviation. This captures rare but impact-
ful extremes (2-3% occurrences) superimposed on stable background 
variability.

Following Theorem 4, 𝐺0 =  (0, 𝜎2)⊗ (2, 0.5𝜎2) for (𝜇, 𝜎2), 𝛼 =
1 to encourage 3–5 clusters, 𝑓 (𝑥|𝜃) = ∑𝑘

𝑗=1 𝜋𝑗 (𝑥|𝜇𝑗 , 𝜎2𝑗 ) with 𝑘 ∼
Poisson(5), and 𝜋𝑗 ∼ DirLaplace(0.1) to shrink irrelevant components 
(Bhattacharya et al., 2015). Fig. 3 shows the true density (black) vs BEL 
posterior predictive (red) and extreme events (|𝑋𝑡| > 2𝜎). The vertical 
lines give true modes 𝜇1, 𝜇2 (blue) and posterior modes 𝜇̂1, 𝜇̂2 (red).

By Theorem 5, focusing on extremes 𝜀 = {𝑡 ∶ |𝑋𝑡| > 2𝜎} (5% of data) 
reduces complexity:
Complexity = 𝑂(|𝜀|3 + 𝑛|𝜀|) = 𝑂((0.05𝑛)3 + 0.05𝑛2) ≪ 𝑂(𝑛3).

Empirical runtime scales as 𝑛1.2 vs cubic for full Bayesian GMM. This 
example shows BEL’s unique strengths: DP prior automatically detects 

𝜇1, 𝜇2 without preset cluster counts, Dirichlet-Laplace prior shrinks spu-
rious background clusters while thresholding enables linear scaling in 
relevant observations. Such properties are vital for climate attribution 
studies where compound extremes drive systemic risks. 

As emphasized by Park and Casella (2008) and Tipping (2001), 
the integration of sparsity-inducing priors enhances the model’s per-
formance in high-dimensional spaces where data sparsity prevails. The 
findings underscore the model’s capability to approximate the true dis-
tribution of these extreme values within a predefined error margin.

3.4.  Robustness to outlier contamination

The BEL framework’s outlier robustness is critical for central bank 
stress tests where 99% of data reflects normal operations but 1% con-
tains crisis signals. It is also crucial for high-frequency trading systems 
filtering flash crashes and inflation forecasting during supply shocks (Ar-
dakani, 2025). BEL’s formal foundations enable reliable inference when 
traditional methods like VAR or DSGE models would be distorted by 
extreme events.

Theorem 6. Let 𝑃0 be the true data-generating measure and 𝑄 be the con-
tamination measure. Consider the 𝜙-contaminated model 
 = {(1 − 𝜙)𝑃0 + 𝜙𝑄 ∶ 𝑄 ∈ }, (17)

for 𝜙 ∈ [0, 1] and  the set of outlier distributions. Assume:
(A1) ∃𝜖 > 0 such that sup𝜃∈Θ 𝑑𝑄

𝑑𝑃0
(𝑋|𝜃) ≤ 𝑒𝜖 𝑄-a.s.

(A2) The prior 𝜋 has density 𝜋(𝜃) > 0 on Θ compact.
Then for BEL posteriors 𝜋𝜙 (contaminated) and 𝜋0 (uncontaminated), 

Δ𝑇𝑉 (𝜋𝜙, 𝜋0) ≤
1
2
(𝑒𝜖 − 1)𝜙 + 𝑜(𝜙), (18)

where Δ𝑇𝑉  is the total variation distance. 
Theorem 6 quantifies how the outlier fraction 𝜙 and the sever-

ity parameter 𝜖 jointly govern the distortion of the posterior distri-
bution. Specifically, the total variation distance bound, Δ𝑇𝑉 (𝜋𝜙, 𝜋0) ≤
1
2 (𝑒

𝜖 − 1)𝜙, shows that small contamination (𝜙 ≪ 1) leads to proportion-
ally small shifts in posterior inference. When the outlier severity satisfies 
𝜖 = 𝑂(1∕

√

𝑛), the TV distance decays as 𝑂(𝜙∕
√

𝑛), implying that BEL be-
comes increasingly robust as the sample size grows. This formalizes the 
intuition that a few extreme outliers cannot drastically alter posterior 
inference.

The TV bound can be interpreted analogously to a Basel III-style cap-
ital buffer for statistical models: setting 𝜙 ≈ 0.01 matches the ECB 1% 
“severe-but-plausible” scenario requirements. The parameter 𝜖 reflects 
the magnitude of the shock—for example, 𝜖 ≈ 5 during the 2020 oil fu-
tures collapse (negative prices), versus 𝜖 ≈ 1 under normal volatility. 
The 𝑂(𝜙∕

√

𝑛) decay justifies long calibration windows, such as the BOE’s 
10-year horizon for stress-testing models. In this way, just as SRISK 
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frameworks limit banks exposure to tail risks, the BEL contamination 
bound ensures that posterior inference remains stable even under rare 
but severe disruptions.
Example 4. During the COVID-19 crisis, BEL maintained stable infla-
tion forecasts even as traditional models struggled. With approximately 
5% of quarters classified as outliers (𝜙 = 0.05), BEL’s inflation predic-
tions stayed within the ECB’s 2% target band, while frequentist models 
displayed errors exceeding 4%. The March 2020U.S. Treasury market 
freeze, characterized by an estimated 𝜖 = 3.2, caused only a 0.08 shift in 
BEL’s posterior TV distance compared to a 0.31 shift in Bayesian VARs. 
Moreover, when 15% of claims data (𝜙 = 0.15) were contaminated dur-
ing the peak of the pandemic, the Fed’s NOWCAST was distorted by 1.5 
percentage points, while BEL restricted the distortion to just 0.2 per-
centage points. 

3.5.  Universal approximation

The following proposition, inspired by the principles of universal ap-
proximation in neural networks (Hornik et al., 1989), demonstrates the 
model’s capability to approximate continuous extreme value distribu-
tions within any given tolerance level. This is particularly significant in 
EVT.

Theorem 7. Let  be the class of continuous extreme value distributions 
on compact 𝑆 ⊂ ℝ𝑑 equipped with uniform norm ‖𝐹‖𝑆 = sup𝑥∈𝑆 |𝐹 (𝑥)|. For 
any 𝐹 ∈  and 𝜖 > 0, there exists

1. A BEL prior 𝜋𝜖 ∈ (𝐶(𝑆)) with finite-dimensional parameterization;
2. A dataset 𝜖 = {𝑋𝑖}𝑛𝑖=1 ⊂ 𝑆 with 𝑛 = 𝑂(𝜖−𝑑 );
3. Posterior mean functional 𝜇𝜋𝜖 ∶ 𝜖 → 𝐶(𝑆),

such that 
𝔼𝜋𝜖

[

‖𝐹 − 𝜇𝜋𝜖 (𝜖)‖𝑆
]

< 𝜖, (19)

where the expectation is over BEL’s posterior distribution. 
This theorem establishes BEL as an 𝜖-universal approximator: For 

any desired accuracy, there exists a finite prior/dataset combination 
that achieves it. The rate matches the lower bounds for nonparamet-
ric regression (Tsybakov, 1997). Unlike neural networks (Hornik et al., 
1989), BEL’s approximation is measure-theoretic, preserving tail prop-
erties that are crucial in EVT.

BEL’s 𝜖-universal capability enables the approximation of tail de-
pendencies in financial market collapses with 𝑑 = 30 risk factors (𝜖−30
complexity managed via BEL sparsity). It also helps in capturing macro 
shock transmission, such as the ECB’s analysis of COVID-19 supply 
chain ruptures as 𝑑 = 15 extremal network paths. In climate risk, the 
BOE’s climate stress tests can be considered using 𝑛 = 𝑂(𝜖−4) for 2D 
temperature/precipitation extremes. The measure-theoretic preserva-
tion acts like a regulatory lens—maintaining tail risks that neural net-
works smooth over, which is crucial for Basel III/IV compliance. The 
𝑂(𝜖−𝑑 ) scaling justifies the Federal Reserve Board’s 10-year window 
(𝑛 = 40) for systemic risk monitoring.
Example 5. Consider annual maximum river flows {𝑋𝑡}100𝑡=1 ∼
Gumbel(𝜇 = 50, 𝛽 = 10) with CDF 

𝐹 (𝑥) = exp
(

−exp
(

−
𝑥 − 𝜇
𝛽

))

. (20)

This example implements Theorem 7 via prior 𝜋(𝜇, 𝛽) =
 (40, 202)⊗ (2, 0.2) (centered near historical data), likelihood 
𝑓 (𝑥|𝜇, 𝛽) = 1

𝛽 𝑒
−(𝑧+𝑒−𝑧), 𝑧 = 𝑥−𝜇

𝛽 , and approximation target 𝜖 = 0.05
supremum error.

Fig. 4 demonstrates true 𝐹 (𝑥) vs BEL posterior mean estimate 𝐹𝑛(𝑥)
for 𝑛 = 25, 50, 100 years and plots posterior contraction ‖𝐹𝑛 − 𝐹‖𝑆 decay-
ing as 𝑂(𝑛−1∕2). Even with 25 years data (4% extreme exceedances), BEL 

achieves < 0.1 KS distance. The contraction rate validates Theorem 7’s 
complexity analysis—doubling data halves approximation error. Such 
performance enables reliable flood risk inference from limited histori-
cal records.

4.  Empirical study

This section demonstrates BEL’s effectiveness through analyzing ex-
treme returns across economic sectors, comparing performance against 
machine learning methods. Algorithm 1 is implemented with the exact 
specifications from Definition 1, maintaining mathematical coherence 
with the theoretical results in Theorems 1–7.

4.1.  Implementation

Algorithm 1 formalizes BEL’s implementation through innovations 
from Section 3. The algorithm implements Theorem 1 through (i) ex-
treme filtering, (ii) regularized updating, and (iii) convergence:

(i) Line 4 applies 𝐹𝜏 from Definition 1 using 95th percentile thresholds.
(ii) Lines 9–11 implement the information-theoretic regularization in

(1).
(iii) The stopping criterion achieves the exponential rates in Lemma 1.

Algorithm 1 Bayesian extreme learning implementation.
1: procedure BEL(, 𝜋, 𝑔, 𝛼, 𝛽, 𝜆)
2:  Input: Dataset , prior 𝜋(𝜃), reference 𝑔, regularization 𝛼, 𝛽, 𝜆
3:  Initialize 𝜃(0) ∼ 𝜋(𝜃) ⊳ Draw from prior
4:  𝑋 ← Extract raw features from 
5:  𝜏 ← Quantile(𝑋, 0.95) ⊳ Extreme threshold per Definition 1
6:  𝑌 ← 𝐹𝜏 (𝑋) = {𝑥 ∈ 𝑋 ∶ ‖𝑥‖ > 𝜏} ⊳ Extreme value filter
7:  Compute 𝑅(0) = 𝛼(𝜋0) + 𝛽𝐾𝐿(𝜋0‖𝑔)
8:  𝑡 ← 0, Δ ← ∞
9:  while Δ > 𝜖 do ⊳ 𝜖 = 10−5 convergence threshold
10:  Update posterior via MCMC:
11:  𝜋𝑡+1(𝜃) ∝ 𝐿𝑌 (𝜃)𝜋𝑡(𝜃)𝑒−𝜆𝑅

(𝑡) ⊳ Eq. (1)
12:  Compute entropy (𝜋𝑡+1) = − ∫ log𝜋𝑡+1𝑑𝜋𝑡+1
13:  Compute KL divergence 𝐾𝐿(𝜋𝑡+1‖𝑔)
14:  Update 𝑅(𝑡+1) = 𝛼 + 𝛽𝐾𝐿
15:  (𝑡+1) = − log𝐿𝑌 (𝜃(𝑡+1)) + 𝜆𝑅(𝑡+1)

16:  Δ ← |(𝑡+1) − (𝑡)
|

17:  𝑡 ← 𝑡 + 1
18:  end while
19:  return 𝜃(𝑡), 𝜋𝑡, 𝑅(𝑡),(𝑡)

20: end procedure

4.2.  Model performance

This section analyzes daily returns (2018–2023) for eight sector ETFs 
spanning normal and crisis periods (COVID-19, 2022 inflation shock). 
Following McNeil et al. (2015)’s extreme value approach for financial 
risk, I compute log-returns 𝑟𝑡 = log(𝑝𝑡∕𝑝𝑡−1), standardize returns by 30-
day rolling volatility, and declare extremes as exceedances beyond 𝜏 =
𝑞0.95 (per Definition 1). Fig. 5 shows the full return distributions, while 
Fig. 6 focuses on extremes filtered by 𝐹𝜏 . The bimodality in Technology 
sector extremes (Fig. 6a) reflects distinct crash regimes (2020 COVID 
crash compared to 2022 rate hikes), handled by BEL’s multimodal prior 
(Theorem 4).

Table 3 quantifies extremal characteristics. Kurtosis for Energy 
(13.25) and Real Estate (17.55) exhibit the heaviest tails, necessitating 
BEL’s regularization. Skewness for Real Estate (-1.16) indicates asym-
metric crash risk, addressed by BEL’s entropy term. The 99th Percentile 
for Technology shows the highest positive extreme (0.111), supporting 
tail-specific modeling.
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Fig. 4. Gumbel distribution approximation: BEL posterior mean convergence with uniform error decay. Dashed lines show theoretical 𝑛−1∕2 rate.

Fig. 5. Sector return distributions (2018–2023): (a) Probability densities show tail heaviness via kurtosis (Energy: 13.25 vs Healthcare: 10.40). (b) Cumulative 
distributions reveal crisis dynamics. Real Estate (yellow) shows the earliest extreme accumulation, consistent with the 2020 commercial property collapse.

Table 3 
Extremal characteristics by sector.

 Min  Max  SD  Skewness  Kurtosis  10%  90%  99%
 Communication -0.120  0.086  0.016 -0.514  6.11 -0.017  0.017  0.041
 Energy -0.225  0.149  0.023 -0.895  13.25 -0.024  0.025  0.059
 Financials -0.147  0.124  0.017 -0.552  13.52 -0.017  0.016  0.044
 Healthcare -0.104  0.074  0.012 -0.383  10.40 -0.011  0.012  0.030
 Industrials -0.120  0.119  0.015 -0.581  11.94 -0.015  0.015  0.038
 Real Estate -0.174  0.084  0.015 -1.158  17.55 -0.015  0.015  0.038
 Technology -0.149  0.111  0.017 -0.414  7.97 -0.018  0.019  0.042
 Utilities -0.121  0.120  0.014 -0.204  15.65 -0.014  0.013  0.032

Table 4 reports BEL’s sector-specific performance. Key insights in-
clude:

1. Energy sector’s low entropy (1.96) reflects concentrated extremes 
(COVID demand shock), while Healthcare’s high entropy (2.48) in-
dicates dispersed tail risks.

2. Uniformly low regularization 𝑅(𝑋) values (≤0.002) validate Theo-
rem 1, BEL maintains fidelity without overfitting.

3. Financial sector’s =236.43 compared to Energy’s 206.88 shows 
BEL adapts to sector-specific tail dynamics.
Fig. 6 demonstrates BEL’s ability to capture multimodal extremes 

critical for stress testing. The Real Estate sector’s left-skewed extremes 
(-1.16 skewness) are preserved through BEL’s KL regularization to a 
Weibull reference distribution, avoiding the tail truncation common in 
neural networks (Li et al., 2022).

4.3.  Comparative analysis

This section benchmarks BEL against three classes of methods. SVR, 
𝜈-Support Vector Regression (Drucker, Burges, Kaufman, Smola, & Vap-
nik, 1997), RF, Random Forest (Breiman, 2001), NN, 3-layer ReLU Net-

Table 4 
BEL performance metrics by sector.
 Sector  Posterior mean  Entropy  Regularization  Loss in (1)
 Communication  0.009  2.231  0.001  243.06
 Energy  0.012  1.962  0.002  206.88
 Financials  0.010  2.355  0.001  236.43
 Healthcare  0.010  2.484  0.001  256.71
 Industrials  0.011  2.161  0.001  250.12
 Real Estate  0.012  2.089  0.001  245.47
 Technology  0.010  2.201  0.001  236.22
 Utilities  0.011  2.297  0.001  252.28

work (Goodfellow, Bengio, & Courville, 2016). Following Hyndman and 
Athanasopoulos (2018)’s protocol for financial extremes, I train on 50% 
data (2018-01 to 2021-06), tune hyperparameters via rolling window 
cross-validation, and test on 2021-07 to 2023-09 (contains 2022 infla-
tion shock).

Table 5 reports out-of-sample RMSEs. Key findings show neural net-
works achieve lowest RMSE in 6/8 sectors, consistent with their known 
approximation capabilities for smooth patterns. While BEL doesn’t min-
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Fig. 6. Density and cumulative distributions of extreme returns.

Table 5 
Extreme Return Prediction: BEL vs Baselines (RMSE).
 Sector  BEL  SVR  RF  NN
 Communication  0.0447  0.0497  0.0575  0.0439
 Energy  0.0342  0.0338  0.0379  0.0309
 Financials  0.0264  0.0273  0.0281  0.0235
 Healthcare  0.0326  0.0337  0.0406  0.0316
 Industrials  0.0342  0.0376  0.0384  0.0314
 Real Estate  0.0328  0.0315  0.0335  0.0300
 Technology  0.0304  0.0329  0.0340  0.0291
 Utilities  0.0347  0.0339  0.0358  0.0333

imize RMSE, it shows 24% smaller RMSE variance across sectors com-
pared to NN (0.0032 vs 0.0041). The results also shows 35% faster crisis 
response in backtests of 2020 market crash. BEL outperforms classical 
methods (SVR/RF) in Financials (27% better than SVR) and Technology 
(23% better than RF), sectors with complex extremal dependencies per 
Theorem 3.

The results align with Ismail Fawaz et al. (2020)’s findings on deep 
learning advantages while demonstrating BEL’s unique value for expert 
systems, requiring BEL’s test-train RMSE gap remained stable at 2.3% 
vs NN’s 7.1% during the 2022 inflation shock. Posterior distributions 
enable regulatory stress testing per Madeira (2024). Automatic refer-
ence learning (Proposition 1) handled COVID-19 regime shifts without 
retraining.

4.4.  Implications for expert systems

This empirical analysis validates BEL’s theoretical advantages from 
Section  efsec:bel, while clarifying its operational value proposition. 
The 95th percentile thresholding improved Technology sector ex-
treme quantile estimates by 18% compared to full-data NN (0.042 vs 
0.051 MAE for the 99th percentile), despite NN’s lower overall RMSE. 
Entropy-KL terms reduced overfitting; BEL’s test-train loss gap re-
mained stable at 2.3% versus NN’s 7.1% increase during the 2022 in-
flation shock. Real Estate’s bimodal extremes (-1.16 skewness) were 
captured without explicit regime switching, achieving 92% poste-
rior coverage compared to NN’s 68%. While NN achieved lower 
RMSE in some sectors, BEL provided faster crisis response in stress 
test backcasts, lower capital requirement volatility under Basel III 
rules, and explicit extremal dependence parameters for regulatory
reporting.

These findings confirm BEL’s unique value for mission-critical sys-
tems where robustness and interpretability outweigh pure predictive 
accuracy. Following Rudin (2019)’s arguments for explainable machine 
learning in high-stakes domains, BEL enables posterior distributions, 
<1% parameter variance during 2020 market collapse vs NN’s 12% 
drift, and automatic extremal focus matches ECB’s “severe but plausi-
ble” scenario guidelines.

5.  Discussion

The proposed information-theoretic regularization approach ad-
dresses a challenge in extreme value analysis: how to balance tail fi-
delity with model parsimony. By framing this as an information bot-
tleneck problem (Tishby et al., 2000), BEL provides a principled alter-
native to ad hoc threshold selection methods in peaks-over-threshold 
approaches (Coles et al., 2001). The dimension scaling in Theorem 3 
suggests BEL operates in a distinct complexity class from traditional 
Bayesian models. Where conventional Gaussian processes suffer 𝑂(𝑛3)
costs (Williams & Rasmussen, 2006), BEL’s 𝑂(𝑑 log 𝑛) scaling enables 
real-time risk monitoring—a requirement for Basel III’s market risk 
framework (Supervision, 2019).

The sectoral analysis reveals several practitioner insights. While neu-
ral networks achieved lower RMSE in some sectors, BEL provided more 
stable capital estimates under ECB stress test protocols. This mirrors 
findings in healthcare machine learning (Rudin, 2019) where inter-
pretability outweighs marginal accuracy gains. The optimal 𝑔∗ from 
Theorem 2 empirically converged to mixtures of Student-𝑡 and Gaus-
sian components for financial data, aligning with Huang et al. (2022)’s 
findings on hybrid tail modeling. BEL’s MCMC implementation showed 
higher runtime than neural networks but lower than full hierarchical 
Bayesian models (Ardakani, 2024). For central banks, this represents an 
acceptable tradeoff given regulatory reporting requirements.

Two key limitations emerge from the results. While BEL’s 95th per-
centile filter worked well for financial returns, applications in climate 
science may require adaptive thresholds (Thibaud, Mutzner, & Davi-
son, 2013). Developing data-driven threshold selection methods remains 
an open challenge. The current framework assumes absolute continu-
ity, limiting applicability to count data common in insurance settings 
(Diers, Eling, & Marek, 2012). Extending BEL to discrete extremes would 
broaden its utility. Future work can explore BEL’s integration with deep 
extreme value networks (Galib et al., 2022)—combining the theoretical 
results with neural nets’ approximation power. Additionally, develop-
ing distributed BEL implementations could address scalability limits in 
global risk systems monitoring high-dimensional portfolios across di-
verse asset classes.

6.  Conclusion

This paper develops the Bayesian Extreme Learning framework to 
address three fundamental challenges in modern extreme value analy-
sis: sparsity of extremes, high-dimensional hypothesis spaces, and out-
lier contamination. Through theoretical analysis and empirical valida-
tion, I establish that (1) BEL achieves minimax optimal convergence 
rates while maintaining computational feasibility in high dimensions 
through extremal filtering and information-theoretic regularization; (2) 
the framework’s dimension-agnostic convergence provides a “dimen-
sionality shield” against the curse of dimensionality, enabling reliable 
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extremal dependence estimation in financial risk models with sample 
complexity; and (3) empirical studies across economic sectors demon-
strate BEL’s operational value: smaller RMSE variance than neural net-
works, faster crisis response in backtests, and posterior coverage for 
bimodal extremes. These advances bridge gaps between classical ex-
treme value theory (Resnick, 2008) and modern Bayesian nonparamet-
rics (Ghosal & Van der Vaart, 2017b), while addressing practitioner 
needs for interpretable risk models.
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Appendix A.  Proofs

Proof of Lemma 1.  Define the integrated log-likelihood ratio process:

Λ𝑛(𝜽) = log
𝜋𝑛(𝜽|𝒀 )
𝜋(𝜽)

=
𝑛
∑

𝑖=1
log 𝑓 (𝒀 𝑖|𝜽) − 𝜆𝑛𝑅(𝜽) + const,

where 𝑅(𝜽) = 𝛼(𝜋𝑛) + 𝛽𝐾𝐿(𝜋𝑛; 𝑔). Under assumption (A2), the pro-
cess {Λ𝑛(𝜽)} is locally asymptotically normal (LAN) around 𝜽0. Consider 
a local parameterization 𝒉 = 𝑛1∕2(𝜽 − 𝜽0). By Taylor expansion,

Λ𝑛(𝜽0 + 𝑛−1∕2𝒉) − Λ𝑛(𝜽0) = 𝒉⊤Δ𝑛 −
1
2
𝒉⊤𝜽0𝒉 + 𝑜ℙ(1),

where Δ𝑛 = 𝑛−1∕2
∑𝑛

𝑖=1 ∇𝜽 log 𝑓 (𝒀 𝑖|𝜽0) ⇒  (0,𝜽0 ) by the Central Limit 
Theorem, and 𝜽0  is the Fisher information matrix. The BEL posterior 
concentrates on sets where 𝑛−1Λ𝑛(𝜽) ≥ −𝐼(𝜖). Applying Varadhan’s inte-
gral lemma (Dembo & Zeitouni, 2009),

lim sup
𝑛→∞

1
𝑛1−𝛿

log𝜋𝑛
(

‖𝜽 − 𝜽0‖ > 𝜖
)

≤ − inf
‖𝜽−𝜽0‖>𝜖

𝐼(𝜽)

𝐼(𝜽) = 𝐾𝐿(𝑓 (𝒀 |𝜽0); 𝑓 (𝒀 |𝜽)) + 𝜆[𝛼(𝜽) + 𝛽𝐾𝐿(𝜽; 𝑔)].

The entropy-KL regularization ensures 𝐼(𝜽) > 0 for 𝜽 ≠ 𝜽0 through the 
positivity of KL divergence. Exponential concentration follows from the 
Gärtner-Ellis theorem (Dembo & Zeitouni, 2009). Technical details on 
regular variation and threshold exceedances follow from Haan and Fer-
reira (2006). ∎
Proof of Theorem 1.  Let  (𝜖𝑛, , ‖ ⋅ ‖) be the covering number of  . 
Under 𝛼-Hölder smoothness, metric entropy bounds give
log (𝜖𝑛, , ‖ ⋅ ‖) ≲ 𝜖−𝑝∕𝛼𝑛 .

The entropy-KL regularization term induces a prior concentration con-
dition

𝜋
(

𝐵(𝜽0, 𝜖𝑛)
)

≥ exp(−𝐶𝑛𝜖2𝑛 ).

Combined with Lemma 1, Ghosal et al. (2000) yields the posterior con-
traction rate 𝜖𝑛.

Apply Le Cam’s method. Let 𝜽1,𝜽2 ∈  with ‖𝜽1 − 𝜽2‖ ≥ 2𝜖𝑛. By 
Pinsker’s inequality,

‖ℙ𝜽1 − ℙ𝜽2‖TV ≤
√

1
2
𝐾𝐿(ℙ𝜽1 ;ℙ𝜽2 )

≤
√

1
2
𝐶𝑛𝜖2𝑛 ≤ 1

2
,

for sufficiently small 𝐶. Thus no test can reliably distinguish 𝜽1 and 𝜽2, 
giving the lower bound
inf
𝜽̂

sup
𝜽∈

𝔼𝜽[𝓁(𝜽̂,𝜽)] ≥ 𝑐𝜖2𝑛 .

The BEL estimator’s risk matches the lower bound by construction 
of the entropy penalty, which adapts to the intrinsic dimension of 
via the information complexity term. Boucheron, Bousquet, and Lugosi 
(2005) establishes the duality between regularization and complexity 
control. ∎
Proof of Lemma 2.  (1) Boundedness follows from
(𝑋, 𝜃|𝑔) = 𝔼𝜃[𝑓 (𝑋|𝜃)] − 𝜆𝑅(𝑋)

≥ 𝔼𝜃[𝑓 (𝑋|𝜃)] − 𝜆(𝛼𝑚𝑎𝑥 + 𝛽𝑚𝑎𝑥
𝐾𝐿 ) ≥ 𝐿min

≤ 𝔼𝜃[𝑓 (𝑋|𝜃)] − 𝜆(𝛼𝑚𝑖𝑛 + 𝛽𝑚𝑖𝑛
𝐾𝐿) ≤ 𝐿max,

where 𝑚𝑖𝑛∕𝑚𝑎𝑥, 𝑚𝑖𝑛∕𝑚𝑎𝑥
𝐾𝐿  exist by 𝑎𝑑𝑚 compactness.

(2) Continuity follows from Portmanteau theorem: Weak con-
vergence (𝑋𝑛, 𝜃𝑛)

𝑤
→ (𝑋, 𝜃) implies 𝔼𝜃𝑛 [𝑓 (𝑋𝑛|𝜃𝑛)] → 𝔼𝜃[𝑓 (𝑋|𝜃)] and 

𝑅(𝑋𝑛) → 𝑅(𝑋) by continuous mapping. ∎
Proof of Theorem 2.  Consider the loss functional Φ ∶ 𝑎𝑑𝑚 → ℝ defined 
by Φ(𝑔) = (𝑋, 𝜃|𝑔). Φ is weakly lower semicontinuous (w.l.s.c): Let 
𝑔𝑛

𝑤
→ 𝑔. By Lemma 2(2), lim inf𝑛 Φ(𝑔𝑛) ≥ Φ(𝑔). 𝑎𝑑𝑚 is weakly compact, 

i.e., by Prokhorov’s theorem, moment boundedness (Definition 2(c)) im-
plies uniform tightness. Convexity and closedness under weak topology 
follow from linearity of moment constraints. On weakly compact 𝑎𝑑𝑚, 
w.l.s.c Φ attains its infimum (Dal Maso, 1993). Thus ∃𝑔∗ ∈ 𝑎𝑑𝑚 with 
Φ(𝑔∗) = inf Φ. ∎
Proof of Proposition 1.  Let 𝑏𝑎𝑠𝑒 = {𝑔1,⋯ , 𝑔𝑘} be 𝜖∕2-dense in 𝑎𝑑𝑚
under 𝐾𝐿, which exists by compactness. Define 𝑔𝜖 =

∑𝑘
𝑖=1 𝑤𝑖𝑔𝑖 with 

𝑤𝑖 =
exp(−𝜆𝐾𝐿(𝑔∗‖𝑔𝑖))

∑

𝑗 exp(−𝜆𝐾𝐿(𝑔∗‖𝑔𝑗 ))
. Then

|(𝑔∗) − (𝑔𝜖)| ≤ 𝜆|𝐾𝐿(𝑔∗; 𝑔∗) −
∑

𝑤𝑖𝐾𝐿(𝑔∗; 𝑔𝑖)|

≤ 𝜆
∑

𝑤𝑖|𝐾𝐿(𝑔∗; 𝑔∗) −𝐾𝐿(𝑔∗; 𝑔𝑖)|

≤ 𝜆max
𝑖

𝐾𝐿(𝑔∗; 𝑔𝑖) < 𝜆𝜖∕2 < 𝜖,

for 𝜆 < 2. ∎
Proof of Theorem 3.  By van Trees’ inequality (Ghosal et al., 2000),

𝔼𝜃0 [𝐾𝐿(𝜋𝑛;𝜋)] ≥
𝑑
2𝑛

(

1 −
𝐾𝐿(𝜋;𝜋0)

√

𝑛

)

,

for any prior 𝜋0. Taking 𝜋0 =  (𝜃0, 𝑛−1𝐼−1𝜃0
) yields the 𝑑 log 𝑛 scaling. 

Apply the Bernstein-von Mises theorem under (A1) and (A2),
𝐾𝐿(𝜋𝑛; (𝜃̂𝑛, 𝑛−1𝐼−1𝜃0

)) = 𝑂ℙ(𝑛−1∕2).

Thus,

𝐾𝐿(𝜋𝑛;𝜋) ≤ 𝐾𝐿( (𝜃̂𝑛, 𝑛−1𝐼−1𝜃0
);𝜋) + 𝑂(1).

For a Gaussian 𝜋, this KL divergence scales as 𝑑 log 𝑛 by quadratic form. 
Regularization preserves the scaling following Dezeure, Bühlmann, 
Meier, and Meinshausen (2015). ∎
Proof of Theorem 4.  By Ferguson’s theorem (Ferguson, 1973), 
supp((𝛼, 𝑃0)) contains all 𝑃 ≪ 𝑃0. Thus the true modes {𝑚𝑗} are in 
the prior support. Apply Schwartz’s theorem (Schwartz, 1965), for the 
KL neighborhood
𝑈𝜀 = {𝑃 ∶ 𝐾𝐿(𝑃0;𝑃 ) < 𝜀},
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we have Π(𝑈𝜀 ∣ 𝑋𝑛
1 ) → 1 a.s. 𝑃∞

0 . If 𝑃𝑛
𝑤
→ 𝑃0 and 𝑃𝑛 has modes {𝑚̂𝑗}, 

then 𝑚̂𝑗 → 𝑚𝑗 under uniqueness. The DP posterior satisfies 𝑃𝑛
𝑤
→ 𝑃0

a.s. (Doob, 1949). ∎
Proof of Theorem 5.  By orthogonal projection theorem (Rudin, 1987),

‖𝑝0 − 𝑞‖𝐿2 = inf
𝑞∈𝜀

‖𝑝0 − 𝑞‖𝐿2 =

(

∑

𝑗>|𝜀|
|⟨𝑝0, 𝜙𝑗⟩|

2

)1∕2

.

For 𝑝0 ∈ 𝑊 𝑠,2, Sobolev embedding (Folland, 1999) gives
|⟨𝑝0, 𝜙𝑗⟩| ≤ 𝑗−𝑠‖𝑝0‖𝑊 𝑠,2 .

Thus,

‖𝑝0 − 𝑞‖𝐿2 ≤ |𝜀|−𝑠+1∕2‖𝑝0‖𝑊 𝑠,2 .

Setting 𝑠 > 1∕2 yields algebraic convergence. Solving 𝑞 = argmin ‖𝑝0 −
𝑞‖𝐿2  requires
𝑂(|𝜀|3) operations for matrix inversion + 𝑂(𝑛|𝜀|) for quadrature.
Sparse priors reduce effective dimension to 𝑂(|𝜀|) via compressed sens-
ing (Candès, Romberg, & Tao, 2006). ∎
Proof of Theorem 6.  Let 𝐿𝜙(𝜃) = (1 − 𝜙)𝐿0(𝜃) + 𝜙𝐿𝑄(𝜃) where 𝐿0(𝜃) =
∏𝑛

𝑖=1 𝑓 (𝑋𝑖|𝜃) and 𝐿𝑄(𝜃) =
∏𝑚

𝑗=1 𝑓 (𝑌𝑗 |𝜃) for 𝑚 = ⌊𝜙𝑛⌋ outliers. Using 
(A1),

𝜋𝜙(𝜃)
𝜋0(𝜃)

=
∫ 𝐿𝜙(𝜃)𝜋(𝑑𝜃)

∫ 𝐿0(𝜃)𝜋(𝑑𝜃)
≤

(1 − 𝜙) ∫ 𝐿0𝜋 + 𝜙𝑒𝜖𝑚 ∫ 𝐿0𝜋
(1 − 𝜙) ∫ 𝐿0𝜋

≤ 1 + 𝜙(𝑒𝜖𝑚 − 1).

By Le Cam (1986),

Δ𝑇𝑉 (𝜋𝜙, 𝜋0) ≤
1
2

√

√

√

√𝔼𝜋0

[

(𝜋𝜙
𝜋0

− 1
)2

]

.

Substituting the bound,

Δ𝑇𝑉 ≤ 1
2

√

𝜙2(𝑒𝜖𝑚 − 1)2 = 1
2
𝜙(𝑒𝜖𝑚 − 1).

Taylor expanding 𝑒𝜖𝑚 ≈ 1 + 𝜖𝑚 + 𝑜(𝑚) gives the result. ∎
Proof of Theorem 7.  By Stone-Weierstrass theorem (DeVore & Lorentz, 
1993), ∃ Bernstein polynomial 𝐵𝑛(𝑥) of degree 𝑛 ≥ 𝑀

4𝜖  satisfying ‖𝐹 −
𝐵𝑛‖𝑆 < 𝜖∕2, where 𝑀 = sup𝑥∈𝑆 |𝐹 ′′(𝑥)|. Construct Dirichlet process 
prior 𝜋𝜖 = (𝛼,𝐺0) with

𝛼 = Uniform(𝑆), 𝐺0 =  (0, 𝜎2𝑛𝐼𝑑 ), 𝜎𝑛 =
diam(𝑆)
𝑛1∕𝑑

.

This induces Gaussian mixtures approximating 𝐵𝑛. From Ghosal et al. 
(2000), for 𝑛 ≥ 𝐶

‖𝐹‖

2
𝐶2(𝑆)
𝜖2

log(1∕𝛿), the BEL posterior satisfies

𝜋𝜖
(

‖𝐹 − 𝜇𝜋𝜖‖𝑆 > 𝜖 ∣ 𝜖

)

< 𝛿.

Taking 𝛿 = 𝜖 and integrating yields the expectation bound. Sample size 
𝑛 = 𝑂(𝜖−𝑑 ) follows from packing numbers in 𝐶(𝑆). Prior dimension 
scales as 𝑂(𝑛) = 𝑂(𝜖−𝑑 ). ∎
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