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A B S T R A C T

This paper extends the maximum entropy (ME) model to include uncertainty about noisy moment forecasts.
In this framework the noise propagates to the ME model through the constrained optimization’s Lagrange
multipliers. The mutual information and expected Fisher information are included for assessing effects of the
noisy moment forecasts on the ME model and its parameters. A new mean–variance decomposition of the
mutual information is derived for the normal distribution when the mean and variance are both noisy. A
simulation estimator is used to estimate the expected information for noisy ME models on finite support.
A family of ensemble of individual level noisy ME forecast models is introduced which includes individual
level versions of the conditional logit and multiplicative competitive interaction models as specific cases. To
illustrate the implementation and merits of the proposed noisy ME framework, the classic loaded dice problem
and discrete choice analysis are examined.
1. Introduction

Probabilistic forecasts have demonstrated their utility in numerous
fields, including energy (Hong et al., 2016), electricity load (Ludwig
et al., 2023), population studies (Wilson & Bell, 2007), macroeconomic
variables (Lahiri et al., 1988; Lahiri & Wang, 2020; Rich & Tracy,
2010; Shoja & Soofi, 2017; Wallis, 2005), among others, and demand
forecasting for products (Snyder & Shen, 2011). These forecasts are
commonly referred to as probability forecasts for discrete outcomes and
density forecasts for continuous outcomes.

Information Theory (IT) provides a methodological approach for
constructing models based on partial information about the probability
distribution of a stochastic object 𝑄 which may be a scalar random
variable, a random vector, a categorical variable, or an unobservable
parameter. Consider 𝑄 that varies according to a probability density or
mass function (PDF) 𝜋 on a support Q. The Shannon entropy of 𝑄 (or
𝜋) can be represented as

(𝑄) = (𝜋) = −∫Q
𝜋(𝑞) log𝜋(𝑞)𝑑 𝜈(𝑞), (1)

where, for the continuous case, 𝜋 is a PDF and 𝑑 𝜈(𝑞) = 𝑑 𝑞. For the
discrete case, the integral becomes a summation and 𝑑 𝜈(𝑞) = 1.

The Maximum Entropy (ME) principle (Jaynes, 1957) postulates a
probability model that maximizes (1) while maintaining consistency
with given partial information. In the absence of any information other
than the size of Q, the ME model implies uniform probabilities, in
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agreement with the Laplace’s principle of insufficient reason (Jaynes,
1957). In the presence of partial information, the ME model mini-
mizes the adjustments of the uniform distribution to be consistent with
the given information. The ME models optimize (1) while satisfying
constraints on various attribute moments, called moment parameters,
given either as forecasts or expert assessments. Since an expert’s skilled
intuition relies on the expert’s memory (Simon, 1992, p. 150), memory
limitations will create error in expert assessments. As a result, forecast
errors and memory errors create uncertainty about the moments. It
is therefore prudent to consider the given moments as initial guesses
about uncertain quantities.

The main contribution of this paper is extension of the ME approach
to include uncertainty on the moment parameters. This ME formulation
reflects the reality of many applied data analysis problems where
moment forecasts are noisy. The noisy ME model is conditional on
the given moments which induce noise into the model parameters (La-
grange multipliers). The expectation of the noisy ME distributions with
the distribution of the noisy parameters gives a mixture model for the
marginal distribution. Our noisy ME moment framework corresponds to
the Bayesian model, where the noisy ME is the likelihood model, the
distribution of the noisy moment parameters is the prior distribution,
and the ME mixture is the prior predictive distribution. Previously,
Golan et al. (1996) introduced IT models that incorporate noise for
multinomial data. Their model assumes the multinomial indicator vari-
able 𝑦 ∈ {0, 1} is a linear function of a set of predictors with random
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vector coefficients plus a noise term, both distributed independently on
inite sets of points in [−1, 1].

The proposed noisy moments ME framework facilitates assessing the
impacts of variations of the moment forecasts on the ME forecast model.
Our focal tool for the assessment is the information measure known as
the mutual information between two variables or vectors. This measure
provides the expected information in terms of the entropy reduction
and Kullback–Leibler divergence. The expected Fisher information is
included for assessing the sensitivity of the ME model parameters
to variations of the noisy moments. These measures enable imple-
menting (Borgonovo et al., 2021) recommendation that a forecasting
report be accompanied by a sensitivity analysis describing the level of
uncertainty in the analysis.

The proposed noisy moment ME framework leads to three con-
tributions to the IT literature. Firstly, the normal distribution is the
principal model for statistics, econometrics, and many other fields.
It is known that with given mean and variance parameters the ME
models on the real line ℜ support is the normal distribution. The
mutual information for the mean of the normal distribution with the
normal prior, given the variance, was developed by Lindley (1956)
nd is used, for example, by Stone (1959), Tinsley et al. (1980), Theil

and Chung (1988), Granger and Lin (1994), Pourahmadi and Soofi
(2000), Retzer et al. (2009), and Ebrahimi et al. (2010a), among others.
However, the mutual information for the more general and practical
case where both mean and variance are unknown has not appeared in
he literature. We fill this gap and derive the mutual information for the
ore realistic case when both the mean and variance are noisy with the
ormal-gamma conjugate prior distribution widely used in the Bayesian
odeling. This result provides a new mean–variance decomposition of

nformation.
Secondly, the ME probability models on finite supports are used

in many fields for various applications. These models are in logit
form. The mutual information for assessing probabilistic sensitivity of
the noisy ME logit models requires the marginal distribution and the
conditional distribution given the moment parameters. The integral
for computing continuous mixtures of the noisy ME logit models is
intractable. Harding and Hausman (2007) and Bordley (2011) devel-
ped approximations for computing continuous mixtures of the random
oefficient logit model. Pakes and Pollard (1989) developed a theory

for uniformly convergent simulation estimates without imposing the
smoothness condition on the mixing distribution. We utilize this theory
to introduce an empirical mutual information for the random sample
of 𝑁 moment parameters. This approach extends the existing entropy
reduction information indices of the ME models to the noisy ME models
(Soofi, 1992, 1994) with the decision-theoretic interpretations of the
mutual information (Bernardo, 1979).

Thirdly, the existing ME models are derived based on moment
constraints that are formulated by combining relevant information for
random samples of 𝑁 observations. These formulations have led to
derivations of ME models that are in the form of the multinomial
logit and Multiplicative Competitive Interaction (MCI) models with
their parameters being the same for the entire sample of observa-
tions (Brockett et al., 1995; Soofi, 1992, 1994). These ME models,

hich we call the pooled ME models, are the IT counterparts of the
traditional logit models in the literature. Thus far the IT counterpart
of the traditional random parameters logit model used in various
applications (Train, 2009) have not been developed. We fill this gap
y considering the relevant information drawn from each individual
bservation as a random draw from the distributions of the noisy
oments across the sample of 𝑁 observations. This new formulation
roduces a family of ensemble of 𝑁 models with varying parameters.
he special cases include individual level versions of the conditional

ogit (McFadden, 1973) and MCI (Cooper, 1993; Huff, 1962) mod-
els. The differences between the ME approach and the traditional
approaches, e.g., the maximum likelihood estimate (MLE) logit and the
andom parameter logit, are the derivations and data requirements.
 u
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The ME requires the moment parameters for the constraints and tra-
ditional methods require actual {0, 1} data on outcomes that already
have occurred such as choices already made by 𝑁 decision makers
(DMs).

For the choice probability forecasting problems, future choices are
yet to be made, so {0, 1} data is not available. Traditional approaches
use historical data to estimate parameters of a pre-specified choice
probability model. It has been shown that the MLE of the logit model
can be derived as a special case of the pooled ME logit (Soofi, 1992).
lugging the future attribute scores in the past model provides proba-

bility forecasts and the pooled ME/MLE attribute forecasts. We utilize
these attribute forecasts to derive the ensemble of ME forecast models
for 𝑁 DMs. An illustrative application example examines the accuracy
of the individual level ME forecast model with the pooled ME/MLE
probability forecast model and three versions of the traditional random
parameters logit model.

The paper is organized as follows. Section 2 defines the uncertainty
and divergence measures, and outlines the information properties of
ME models. Section 3 introduces the noisy moment ME modeling
ramework, the information measures for the normal ME model when
he mean and variance are both noisy, and the empirical information
easures for the ME models on finite supports. Section 4 presents the

individual level ME logit model for the choices of 𝑁 DMs and the
differences between the new and the existing ME models. This section
lso presents the individual level ME forecast model consistent with the
ttribute forecasts of existing models. Section 5 gives some concluding

remarks. An online Supplementary Document provides R codes for
implementation of the new ME models.

2. Preliminaries

In many problems, a stochastic object 𝑄 is considered under two
istributions 𝜋𝑄 ∈ 𝛺 and 𝜋𝑄|𝜃 ∈ 𝛺𝜃 ⊆ 𝛺 on a support Q, where 𝜃
epresents a set of parameters. 𝑄 may be unobservable (e.g., a param-
ter of a probability distribution) or observable (e.g., a future outcome
f a random variable). The parameter 𝜃 can be scalar, vector, or a
unction of a set of predictors 𝑋. It can be non-stochastic or stochastic
rawn from the distribution 𝑔𝜃 of a stochastic object 𝜃. In the stochastic
redictor case, 𝜋𝑄|𝜃 is the conditional distribution. This section gives an
verview of the measures of information for the non-stochastic case.

2.1. Uncertainty and divergence functions

The most unpredictable situation occurs when the absence of knowl-
edge does not allow favoring an event over any other event in the
upport of 𝜋. By Laplace’s Principle of Insufficient Reason all possible
alues of 𝑄 (intervals of equal width in the continuous case) are

equally likely. This establishes the uniform probability distribution
as the reference point for quantifying the uncertainty in terms of
predictability.

DeGroot (1962) defined uncertainty by a nonnegative measurable
function  (𝜋) ≥ 0 on the space of distributions on finite support Q =
{𝑞1,… , 𝑞𝐽 }. He stipulated that a ‘‘typical’’ uncertainty function will take
 (𝜋) = 0 when 𝜋(𝑞𝑗 ) = 1 for 𝑗 = 𝑗0 and 𝜋(𝑞𝑗 ) = 0 for 𝑗 ≠ 𝑗0, and  (𝜋)
attains its maximum at or near the uniform distribution. Ebrahimi et al.
(2010b) identified two desirable properties for uncertainty functions,
which we state more formally.

Definition 1. On a space of probability distributions 𝛺 on a support Q,
he uncertainty function is defined by a measurable concave function

∶ 𝛺 → ℜ such that for all 𝜋 ∈ 𝛺,  (𝜋) ≤  (𝜋∗0 ) where 𝜋∗0 is the
niform distribution on Q.
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A distribution 𝜋𝑄|𝜃 ∈ 𝛺 is said to be more (or less) informative than
𝑄 ∈ 𝛺 if

𝛥 (𝜃) = 𝛥 (𝜋𝑄|𝜃 ∶ 𝜋𝑄) =  (𝜋𝑄) − (𝜋𝑄|𝜃) ≥ (or ≤) 0. (2)

The sign of 𝛥 (𝜃) depends on which of the two distributions is closer
to the uniform distribution (more concentrated).

A concave  is the requirement for a reasonable uncertainty func-
ion to formalize the intuitive expectation that considering a variable
or predicting another variable could increase, but would not decrease,

the predictability. DeGroot (1962) showed that if 𝜃 is stochastic with a
istribution 𝑔𝜃 and 𝜋𝑄 is the marginal distribution of 𝑄, then

𝐸𝑄[𝛥 (𝜃)] =  (𝜋𝑄) − 𝐸𝑄[ (𝜋𝑄|𝜃)] ≥ 0, (3)

if and only if  is a concave.
The most well known and widely used uncertainty function in the

IT literature is Shannon entropy (1); henceforth we will use  = 𝐻
and 𝛥 = 𝛥𝐻 . The uncertainty relative to the uniform distribution can
be quantified by the extent of discrepancy between probability distribu-
tions. A divergence function between a pair of probability distributions

ith PDFs (𝜋1, 𝜋2) on a support Q is defined by (𝜋1, 𝜋2) ≥ 0 and
ttains the equality if and only if 𝜋1(𝑞) = 𝜋2(𝑞) for all outcomes on Q.
ee Borgonovo et al. (2021) for a similar definition of the separation
unction between probability distributions.

The prominent divergence function in IT is the Kullback–Leibler
KL) information divergence between two PDFs (𝜋1, 𝜋2) ∈ 𝛺×𝛺, defined

by

(𝜋1 ∶ 𝜋2) = ∫Q
𝜋1(𝑞) log

𝜋1(𝑞)
𝜋2(𝑞)

𝑑 𝜈(𝑞) ≥ 0, (4)

given that 𝜋1(𝑞) = 0 wherever the reference distribution 𝜋2(𝑞) = 0 (the
absolute continuity condition). (𝜋1 ∶ 𝜋2) = 0 if and only if 𝜋1(𝑞) =
2(𝑞) almost everywhere on Q. (𝜋1 ∶ 𝜋2) is invariant under one-to-

one transformations of 𝑞; this property is inclusive of the desirable
monotonic transformation invariance (Borgonovo et al., 2014).

The KL divergence provides the information for discriminating be-
ween two models for the distribution of 𝑄 in terms of the expected
og-odds (Bayes Factor) in favor of 𝜋1 against 𝜋2 (Kullback, 1959, p. 38).
n general, (𝜋1 ∶ 𝜋2) ≠ 𝛥(𝜋1 ∶ 𝜋2). So, (𝜋1 ∶ 𝜋2) does not indicate
hether 𝜋1 or 𝜋2, is more informative (less concentrated).

The KL divergence is related to the extent of the reduction of
uncertainty from the uniform distribution 𝜋∗0 . If (𝜋∗0 ) is finite, then

(𝜋 ∶ 𝜋∗0 ) = (𝜋∗0 ) −(𝜋) = 𝛥(𝜋 ∶ 𝜋∗0 ). (5)

On an unbounded support, 𝜋∗0 is not a proper distribution and (𝜋∗0 )
s not well-defined. In that case 𝜋∗0 can be viewed as an idealization for
omparing the predictive informativeness of distributions. It also can be
iewed in terms of truncating the unbounded supports and extending
he truncation bounds (𝑎, 𝑏) such that (𝜋𝑗 ) ≈ (𝜋𝑗 |(𝑎, 𝑏)), 𝑗 = 1, 2

(Zellner, 1971); this idea is similar to locally uniform Bayesian priors.

2.2. ME model

A class of models where the KL divergence gives (5) in terms of (1)
s as follows. Consider the following class of distributions on support
:

𝛺𝜃 =
{

𝜋 ∶ 𝐸𝜋 [𝑇𝑘(𝑞)] = 𝜃𝑘, 𝑘 = 1,… , 𝐾}

, (6)

where 𝑇𝑘’s are integrable functions called types of moments, 𝜃𝑘’s are the
moment parameters, and the moment equations in (6) are the moment
constraints.

The ME model in 𝛺𝜃 is defined by the following optimization
problem: 𝜋∗ = ar g max𝜋∈𝛺𝜃 (𝜋). Let 𝑻 (𝑞) = (𝑇1(𝑞),… , 𝑇𝑘(𝑞))𝑇 and
𝜽 = (𝜃1,… , 𝜃𝐾 )𝑇 , where supersrcipt 𝑇 stands for the transpose. If
𝑍(𝝀) = exp

{

−𝝀𝑇 𝑻 (𝑞)
}

𝑑 𝜈(𝑞) <∞, (7)
∫Q
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then the ME model in 𝛺𝜃 is unique with the PDF in the following form:

𝜋∗𝑄|𝜽(𝑞) =
1

𝑍(𝝀)
exp

{

−𝝀𝑇 𝑻 (𝑞)
}

, 𝑞 ∈ Q, (8)

and 𝝀𝑇 = (𝜆1,… , 𝜆𝐾 ) are Lagrange multipliers. 𝑍−1(𝝀) is the nor-
malizing factor for 𝜋∗ and 𝑍(𝝀) is called the partition function in
statistical physics (Jaynes, 1957, 1968). The existence of the ME model
is determined by finiteness condition (7).

The entropy of the ME model is given by (𝜋∗𝑄|𝜽) = log𝑍(𝝀) +
𝝀𝑇 𝜽. Jaynes (1968) used maximum entropy reduction for assessing the
alue of an additional constraint by comparing the entropies of two
ested ME models on a finite support. The extent of the reduction of
ncertainty of moment constraints in (6) is given by the information
distinguishability (ID) by the following equality between the KL and
entropies of 𝜋 , 𝜋∗𝑄|𝜽 ∈ 𝛺𝜃 Soofi et al. (1995):

(𝜋 ∶ 𝜋∗𝑄|𝜽) = (𝜋∗𝑄|𝜽) −(𝜋) ≥ 0,

provided that the entropies are finite.
The Fisher information matrix of the ME distribution (8) about 𝝀 is

efined by

 (𝝀) = 𝐸𝜋∗
[

𝜕 log𝜋∗

𝜕𝝀
𝜕 log𝜋∗

𝜕𝝀𝑇

]

.

In the traditional statistics the focal quantity is the model parameter
𝝀. But in the IT approach the information moment vector 𝜽 is the
focal parameter and the model parameter 𝝀 is the implied Lagrange
multiplier. By the uniqueness of the ME model 𝝀 = 𝜂(𝜽), where 𝜂 ∶
ℜ𝐾 → ℜ𝐾 is a continuous invertible function with partial derivatives
on D𝝀 ⊆ ℜ𝐾 . The following relationships are well-known (Jaynes,
1957; Kullback, 1959):

𝜽 = − 𝜕
𝜕𝝀

log𝑍(𝝀), 𝜕𝜽
𝜕𝝀

= 𝛴∗, 𝜕𝝀
𝜕𝜽

= 𝛴∗−1 , (9)

where 𝛴∗ is the covariance matrix of 𝑻 (𝑄) with the ME distribution 𝜋∗.
These relationships give the following result.

Lemma 1. The Fisher information matrix of the ME model (8) about the
moment parameters is given by
 (𝜽) = −1(𝝀) = 𝛴∗ = 𝐸𝜋∗ [(𝑻 (𝑄) − 𝜽)(𝑻 (𝑄) − 𝜽)𝑇 ]. (10)

For 𝑇 (𝑞) = 𝑞, 𝜃 = 𝐸(𝑄), and  (𝜃) reduces to the variance of 𝑄. By
9), this result relates the sensitivity of the ME model parameters to

changes in the given moment parameters.

3. Noisy moment forecasts framework

If the moment parameter vector in (6) is a given forecast 𝜽 = 𝜽0,
hen there will typically be some nonzero probability of the constraints
n (6) being violated for any fixed Lagrangian multiplier. We consider
he ME problem when the uncertainty about the moment parameter 𝜽

is induced by the noise 𝜽 = 𝜻(𝜽0, 𝝐) where 𝝐 is the vector of noise with
a distribution 𝑔𝝐 such that 𝐸(𝜽) = 𝜽0. The uncertainty about the noisy
moment 𝜽 propagates through (6) into the ME model 𝜋∗(𝑞|𝜽) in (8) and
its parameter 𝝀.

Fig. 1 depicts the propagation of the noise in the ME modeling
utputs as a system. The ME model is conditional on the outcome of the
oisy moments 𝜽 and its Lagrange multipliers are conditional, as well.
he conditional ME model and the distribution of the noisy moment
rovide the marginal distribution of 𝑄:

𝜋𝑄(𝑞) = ∫ 𝜋∗𝑄|𝜽(𝑞|𝜽)𝑔𝜽(𝜽)𝑑𝜽 = ∫
exp{−𝝀𝑇 𝑻 (𝑞)}

𝑍(𝝀)
𝑔𝝀(𝝀)𝑑𝝀, (11)

where 𝑔𝝀 is induced by 𝑔𝜽 via the one-to-one function 𝝀 = 𝜂(𝜽). The
econd integral represents the traditional mixture model 𝜋𝑚𝑖𝑥(𝑞) = 𝜋𝑄(𝑞)
ased on a prior for 𝝀.

The enumerated nodes in Fig. 1 are two well-known information
measures as outputs of the noisy moments ME procedure. Each of these
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Fig. 1. Inputs (green) and outputs (golden) of noiseless and noisy ME model; links to distributions and parameters (black arrows); links for information measures (red arrows).
(For interpretation of the references to color in this figure legend, the reader is referred to the web version of this article.)
measures is implied by three links shown in red. Node 1 is the mutual
information between 𝑄 and 𝜽 which has the following representations:

𝑀(𝑄,𝜽) = (𝑄) − 𝐸𝜽[(𝑄|𝜽)], (12)

= 𝐸𝜽[(𝜋𝑄|𝜽 ∶ 𝜋𝑄)], (13)

= (𝜋𝜽,𝑄 ∶ 𝜋𝑄𝑔𝜽). (14)

Representations (12) and (13) define 𝑀(𝜽, 𝑄) as the expected infor-
mation of the noisy moment constraint parameter 𝜽 by the uncer-
tainty reduction (3) with  = 𝐻 and the expected KL divergence.
By (13), 𝑀(𝜽, 𝑄) is a probabilistic sensitivity measure (Borgonovo
et al., 2021) for assessing 𝑄 to the noisy inputs 𝜽. The equality be-
tween (12) and (14) renders 𝑀(𝜽, 𝑄) as the utility of dependence
between 𝑄 and 𝜽 (Ebrahimi et al., 2014). Eqs. (12) and (13) are
expressions for the Jensen–Shannon (JS) measure of the mixture model
(11), i.e., 𝑀(𝑄,𝜽) = 𝐽 𝑆(𝜋𝑚𝑖𝑥).

The noisy ME framework can be cast as a Bayesian model, where
𝜋∗(𝑞|𝜽) provides the likelihood model with 𝑔𝝀 as the prior distribution
for 𝝀, and 𝜋𝑄(𝑞) as the prior predictive distribution. Lindley’s average
amount of information about 𝝀 is defined by the expected entropy
reduction 𝑀(𝑄,𝝀) = (𝝀) − 𝐸𝑄[(𝝀|𝑄)]. Bernardo (1979) explicated
Lindley’s expected information in terms of the expected logarithmic
utility of data for learning about the parameter. By the invariance
of (14) under one-to-one transformation, 𝑀(𝑄,𝝀) = 𝑀(𝑄,𝜽), which
implies that 𝑀(𝑄,𝜽) is the expected utility of constraints (6) about 𝜽.

Node 2 in Fig. 1 is the expected Fisher information defined by

𝐸𝜽[ (𝜽)] = ∫  (𝜽)𝑔𝜽(𝜽)𝑑𝜽.

In general,  (𝜽) is a function of the parameter 𝜽 and 𝐸𝜽[ (𝜽)] ac-
counts for the uncertainty about 𝜽. As a prior Bayes estimate of the
Fisher information, it is called the Bayes Fisher information (Asadi
et al., 2019). This information measure is for assessing the sensitivity
of model parameter to random variation of the moment parameter.
By Lemma 1, 𝐸𝜽[ (𝜽)] is a moment based sensitivity measure that
generalizes the variance based sensitivity measure, see, e.g., Borgonovo
et al. (2021).

3.1. Noisy mean and variance on continuous support

The PDFs of many ME distributions on continuous supports are in
the exponential family (Ebrahimi et al., 2008). These ME likelihood
1016 
models and their Bayesian conjugate priors in integrals (11) provide
closed form predictive PDFs, which facilitate computing the mutual
information by (12). We consider the most widely used ME/exponential
family model.

The ME model with constraints 𝐸(𝑌 |𝜇 , 𝜎2) = 𝜇 and
𝐸[(𝑌 − 𝜇)2|𝜇 , 𝜎2] = 𝜎2 on the real line is the normal distribution
𝜋∗
𝑦|𝜇 ,𝜎2 =  (𝜇 , 𝜎2), 𝑦 ∈ ℜ. The Lagrange multipliers are 𝜆1 = −𝜇∕𝜎2

and 𝜆2 = 1∕2𝜎2. On a finite interval, the ME model can be a truncated
normal, upward or downward truncated exponential, uniform, or U-
shaped depending on the relationship between 𝜃1 and 𝐸(𝑌 2) = 𝜎2 + 𝜇2

(and the implied Lagrange multipliers); for details see Bajgiran et al.
(2021) and references therein.

Consider the additive noise 𝜇 = 𝜇0 + 𝜖 with 𝑔𝜖 = 𝑁(0, 𝜎2). The im-
plied distribution for the noisy mean is 𝑔𝜇 =  (𝜇0, 𝜎2𝜇). The conditional
predictive distribution is 𝜋𝑦|𝜎2 =  (𝜇0, 𝜎2𝑦 ) where 𝜎2𝑦 = 𝜎2 + 𝜎2𝜇 . The
mutual information 𝑀(𝜇 , 𝑌 |𝜎2) can be written a follows:

𝑀(𝜇 , 𝑌 |𝜎2) = −1
2
log 𝜎

2

𝜎2𝑦
= 1

2
log

(

1 +
𝜎2𝜇
𝜎2

)

(15)

= −1
2
log(1 − 𝜌2), (16)

where 𝜌 = 𝜌(𝑌 , 𝜇) is the correlation coefficient. Representation (16) is
the well-known mutual information of the bivariate normal distribu-
tion.

The normal mutual information with noiseless variance is used in
various problems including the regression model,

𝑌𝑖|𝒙𝑖, 𝜷, 𝜎2 = 𝜷𝑇 𝒙𝑖 + 𝜖 , 𝑖 = 1,… , 𝑁 , (17)

where 𝜷𝑇 = (𝛽0, 𝛽1,… , 𝛽𝐾 ), 𝒙𝑖 = (1, 𝑥1𝑖,… , 𝑥𝐾 𝑖)𝑇 is a vector of predic-
tors, and 𝜖 is the Gaussian noise with 𝑔𝜖 = 𝑁(0, 𝜎2). In the Bayesian
approach, the prior for 𝜷 is multivariate normal, and in the non-
Bayesian stochastic regressors model, 𝑿𝑖 is assumed to have a probabil-
ity distribution, often a multivariate normal. Either of these approaches
meets the requirements of (16) which are normal distributions for
the mean 𝜇𝑖|𝒙𝑖, 𝜷, 𝜎2 = 𝜷𝑇 𝒙𝑖 and for the marginal distribution 𝜋𝑦|𝜎2 .
Application of (16) gives the well-known regression mutual information
in terms of the squared multiple correlation coefficient; see, e.g.,Theil
and Chung (1988), Retzer et al. (2009), Ebrahimi et al. (2010a) and
references therein.

Considering both moments of  (𝜇 , 𝜎2) are uncertain is more re-
alistic than the assumption of the variance being given. The usual
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conjugate normal-gamma Bayesian prior is defined in terms of the
precision parameter 𝜏 = 1∕𝜎2 by 𝑔𝜇 ,𝜏 = 𝑔𝜇|𝜏𝑔𝜏 as follows: Let 𝑔𝜇|𝜏 =
 (𝜇0, 𝜎2𝜇) with 𝜏𝜇∕𝜏 = 𝑐, i.e., 𝜎2𝜇∕𝜎2 = 1∕𝑐 and 𝑔𝜏 = (𝜈∕2, 𝜈∕2𝜏0) be the
gamma (scaled-chi-square) prior with 𝐸(𝜏) = 𝜏0 = 1∕𝜎20 and following
PDF:

𝑔𝜏 (𝜏) =
( 𝜈
2𝜏𝑜

)𝜈∕2

𝛤 (𝜈∕2)
𝜏𝜈∕2−1𝑒−

𝜈
2𝜏𝑜

𝜏 , 𝜏 > 0, 𝜈 > 0,

Then the marginal distribution 𝜋𝑦 is Student-𝑡 with 𝜈 degrees of free-
dom, location parameter 𝜇0, and scale parameter (1 + 1∕𝑐)𝜎20 , denoted
by 𝜋𝑦 = 𝜈 (𝜇0, (1 + 1∕𝑐)𝜎20 ).

The following proposition gives the mutual information for noisy
ean and variance.

Proposition 1. The mutual information for the normal model with
normal-gamma prior for the noisy mean and variance with 𝜎2𝜇 = 𝜎2∕𝑐 is
s follows:
𝑀𝜈 [(𝜇 , 𝜎2), 𝑌 ] =𝑀𝑐 (𝜇 , 𝑌 ) +𝑀𝜈 (𝜎2, 𝑌 ), (18)

where

𝑀𝑐 (𝜇 , 𝑌 ) =𝑀(𝜇 , 𝑌 |𝜎2) = 1
2
log

(

1 + 1
𝑐

)

, (19)

𝑀𝜈 (𝜎2, 𝑌 ) = log
𝛤 ( 𝜈2 )

𝛤 ( 𝜈+12 )
+ 𝜈 + 1

2
𝜓
( 𝜈 + 1

2

)

− 𝜈
2
𝜓
( 𝜈
2

)

− 1
2
, (20)

and 𝜓 is the digamma function.
Proof is given in Appendix A.
In general, information decompositions hold for stochastically inde-

pendent variables or as chain rules in terms of conditional information
easures (Cover & Thomas, 2006, Theorems 2.5.1–2.5.3). But with the

normal-gamma prior 𝜌2(𝜇 , 𝜎2) = 𝑐∕(𝑐 + 1) > 0. The mean–variance
decomposition in (18) is due to the location-invariance of entropy. In
(18), 𝑀𝜈 (𝜎2, 𝑌 ) ≥ 0 takes the variance uncertainty into account via
the degrees of freedom, which controls the level of uncertainty about
the variance; for 𝜈 ≥ 1,(𝑔𝜏 ) is decreasing. The difference between
(16) and (18), mapped by 𝑀𝜈 (𝜎2, 𝑌 ) ≥ 0, is decreasing and approaches
ero as 𝜈 → ∞, and the marginal Student-𝑡 distribution approaches
he normal distribution. These limiting behaviors imply the following
symptotic for (18): 𝑀𝜈 [(𝜇 , 𝜎2), 𝑌 ] ≈𝑀(𝜇 , 𝑌 |𝜎2𝜇 = 𝜎2∕𝑐).

In regression analysis the error variance 𝜎2 and the squared cor-
relation 𝜌2 are unknown and their sample values are plugged in (15)
nd (16). Decomposition of information in (18) provides insights about

the consequence of ignoring the uncertainty about the error variance.
With the normal-gamma prior for (𝜷, 𝜏), the marginal distribution of 𝑌𝑖
is a Student-𝑡 distribution. Furthermore, the predictive distribution of
𝑛 future outcomes 𝑦𝑖 = 𝜷𝑇 𝒙𝑖, 𝑖 = 𝑁 + 1,… , 𝑁 + 𝑛 for given 𝑥𝑖’s, is the
multivariate-𝑡 (Zellner, 1971, section 3.2.4). Using the expression for
(𝜋𝒚) (Zografos & Nadarajah, 2005) extends (18) to 𝑀𝜈 [(𝜷, 𝜏), 𝒀 ] for
pplication to the Bayesian regression forecasting problem.

Transformation to normality and reparameterization of the likeli-
hood model are frequently used in statistical analysis. Let ℎ ∶ ℜ → ℜ
and 𝜉 ∶ ℜ2 → ℜ2 be one-to-one functions. Then, by the invariance
property of the mutual information under one-to-one transformation of
each of its arguments, we have

𝑀[(𝜇 , 𝜎2), 𝑌 ] =𝑀[𝜉(𝜇 , 𝜎2), ℎ(𝑌 )].
The following examples give some transformations considered in statis-
ics.

(a) The distribution of 𝑋 = ℎ(𝑌 ) = 𝑒𝑌 is lognormal  (𝜇 , 𝜎2)
with mean 𝜇𝑥 = exp(𝜇 + 𝜎2∕2) and variance 𝜎2𝑥 = [exp(𝜎2) −
1] exp(2𝜇 + 𝜎2). The mapping (𝜇𝑥, 𝜎2𝑥) = 𝜉(𝜎2, 𝜇) is one-to-one,
so 𝑀[(𝜇𝑥, 𝜎2𝑥), 𝑋] = 𝑀[(𝜇 , 𝜎2), 𝑌 ]. More generally, the Box–Cox
(BC) transformation is defined by 𝑌 = 𝐵(𝑋) = (𝑋𝑐 − 1)∕𝑐 , 𝑃 (𝑋 >
0) = 1, 𝑐 > 0, 𝑐 ≠ 0 where 𝐵(𝑥) is continuous at 𝑥 = 0 and

𝑌 = 𝐵(𝑋) = log𝑋 , 𝑐 = 0. Define the Inverse BC (IBC) transform
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by 𝑋 = ℎ(𝑌 ) = (1 + 𝑐 𝑌 )1∕𝑐 , 𝑐 > 0, 𝑐 ≠ 1 and 𝑋 = ℎ(𝑌 ) = 𝑒𝑌 , 𝑐 = 0.
Then, (𝜇𝑥, 𝜎2𝑥) = 𝜉(𝜎2, 𝜇) is one-to-one, and 𝑀[(𝜇𝑥, 𝜎2𝑥), 𝑋] =
𝑀[(𝜇 , 𝜎2), 𝑌 ].

(b) Consider the following the functions of the normal parameters,

𝑀[(𝜇 , 𝜏), 𝑌 ] =𝑀[(𝜇 , 𝜎), 𝑌 ] =𝑀[(𝜇 , log 𝜎), 𝑌 ].
More generally, let 𝜔 = 𝜉(𝜏) = 𝜏𝑟, 𝑟 > 0. The distribution of 𝜔 is
the generalized gamma (𝜈∕2, 𝑟, 𝜁 ), 𝜁 = 2𝜎20∕𝜈 = 2∕𝜏0𝜈 with PDF

𝑔(𝜔) = 𝑟
𝜁 𝛤 (𝜈∕2)

(

𝜔
𝜁

)𝜈 𝑟∕2−1
exp{−(𝜔∕𝜁 )𝑟}, 𝜔 > 0, 𝜈 , 𝑟, 𝜁 > 0.

This flexible family includes the following distributions: gamma
(𝑟 = 1), Weibull (𝜈 = 2), exponential [(𝜈 , 𝑟) = (2, 1)], Half-
normal [(𝜈 , 𝑟) = (1, 2)], Maxwell–Boltzmann [(𝜈 , 𝑟) = (3, 2)],
and lognormal as a limiting distribution. Moreover, the IBC
transform of 𝜇 implies that (𝜇 , 𝜏 , 𝑌 ) → [ℎ(𝜇), 𝜏𝑟, 𝑌 ] is one-to-one,
and 𝑀[(ℎ(𝜇), 𝜎2), 𝑌 ] = 𝑀[(𝜇 , 𝜎2), 𝑌 ]. Hence, the normal-gamma
prior generalizes to the family of priors constructed by transfor-
mations of the mean and generalized gamma distribution.

The Fisher information matrix of  (𝜇 , 𝜎2) is diagonal with elements
 (𝜇) = 1∕𝜎2 = 𝜏 and  (𝜎2) = 1∕2𝜎4 = 𝜏2∕2. Using the first two moments
f the gamma distribution gives 𝐸𝜏 [ (𝜇)] = 𝜏0 and 𝐸𝜏 [ (𝜎2)] = (1∕𝜈 +

1∕2)𝜏20 .

3.2. Noisy ME model on finite support

In applications of the noisy moments framework to a finite support
Q = {𝑞1,… , 𝑞𝐽 } the ME model is the distribution of probabilities 𝜋∗|𝜽 =
(𝜋∗1 |𝜽,… , 𝜋∗𝐽 |𝜽) given by (8) where the integral in (7) is summation and
(8) is the following logit model:

𝜋∗𝑖𝑗 |𝜽 = Pr (𝑄 = 𝑞𝑗 |𝜽)

=
exp

{

𝜷𝑇 𝑻 (𝑞𝑗 )
}

∑𝐽
ℎ=1 exp

{

𝜷𝑇 𝑻 (𝑞𝑗 )
}
, 𝑗 = 1, 2,… , 𝐽 , 𝑖 = 1,… , 𝑁 , (21)

where 𝜷 = (𝛽1,… , 𝛽𝐾 )𝑇 is the vector of logit coefficients given by the
agrange multipliers 𝜷 = −𝝀 = −𝜂(𝜽) as in (8).

The noisy ME logit model (21) is the IT alternative for the random
parameter logit model in the traditional literature, where 𝑻 (𝑞𝑗 ) = 𝑞𝑗 and
a normal distribution 𝑔𝜷 is usually assumed for 𝜷 (Harding & Hausman,
2007); some other distributions are also used when 𝛽𝑘’s are nonnegative
(Train, 2009). The second integral in (11) with (21) is intractable.
Pakes and Pollard (1989) developed a general theory for the uniform
onvergence of simulation estimates. In the noisy moments framework
 distribution for 𝑔𝜽 is assumed which induces 𝑔𝜷 . The integrals in
11) with 𝜋∗𝑖𝑗 |𝜽 and 𝑔𝜽 (as well as the induced 𝑔𝜷 ) are intractable. For
stimating the mutual information in Fig. 1, we utilize the simulation

estimate of the marginal distribution 𝜋𝑄. Consider data on the noisy
moments 𝜽𝑖, 𝑖 = 1,… , 𝑁 as a random sample from 𝐺𝜽. Such data can
be produced by simulations when a model is assumed for 𝑔𝜽 or by a
forecasting model. The noisy moments produce 𝑁 copies of the ME
logit model (21) with 𝜷 𝑖 = −𝜂(𝜽𝑖).

The simulation estimate of 𝜋𝑄 is defined by the following empirical
pproximation of (11):

𝜋̃𝑄(𝑞𝑗 ) ≈ ∫ ℎ1(𝑞𝑗 ,𝜽)𝑑 𝐺𝑛(𝜽)

= 𝑁−1
𝑁
∑

𝑖=1

exp
{

𝜷𝑇𝑖 𝑻 (𝑞𝑗 )
}

∑𝐽
ℎ=1 exp

{

𝜷𝑇𝑖 𝑻 (𝑞𝑗 )
}
, 𝑗 = 1, 2,… , 𝐽 . (22)

The expression in (22) with 𝑻 (𝑞𝑗 ) = 𝑞𝑗 appears in Harding and Hausman
(2007) where 𝜷 𝑖’s are generated from a Gaussian distribution.

In the noisy ME framework 𝜷 𝑖 = −𝜂(𝜽𝑖), 𝑖 = 1,… , 𝑁 are random
samples from 𝐺𝜷 induced by 𝐺𝜽 and 𝜋̃𝑄 provides an estimate of the

arginal distribution. Using the notation of Pakes and Pollard (1989),
e let ℎ1(𝑄,𝜽) = 𝜋∗𝑄|𝜽 and ℎ2(𝑄,𝜽) = ℎ1(𝑄,𝜽) logℎ1(𝑄,𝜽) to obtain the

stimate of the expected information of the moment constraints in (6)
given by the following proposition.
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Proposition 2. Let 𝜽𝑖, 𝑖 = 1,… , 𝑁 be a sample of noisy moments,
ℎ1(𝑄,𝜽) = 𝜋∗|𝜽𝑖 be the conditional distribution of 𝑄 given 𝜽 = 𝜽𝑖,
ℎ2(𝑄,𝜽) = ℎ1(𝑄,𝜽) logℎ1(𝑄,𝜽), and 𝜋̃𝑄, be the empirical marginal distri-
bution (22). Then the expected information of the constraints in (6) is the
following simulation estimate:
𝑀(𝑄,𝜽) ≈ (𝜋̃𝑄) + ∫ ℎ2(𝑞 ,𝜽)𝑑 𝐺𝑛(𝜽)

= (𝜋̃𝑄) −𝑁−1
𝑁
∑

𝑖=1
(𝜋∗|𝜽𝑖) = 𝑁−1

𝑁
∑

𝑖=1
(𝜋∗|𝜽𝑖 ∶ 𝜋̃𝑄) ≥ 0. (23)

The expected Fisher information does not involve (22). Lemma 1
with the sample average of the second moment of 𝑻 (𝑄) gives

̃ (𝜽) ≈ 𝑁−1
𝑁
∑

𝑖=1
𝐸𝜋∗|𝜽𝑖

(

𝑻 (𝑄) − 𝜽𝑖
) (

𝑻 (𝑄) − 𝜽𝑖
)𝑇 . (24)

A large number of data points provides reliable estimates of the
information measures in Fig. 1. For the convergence properties of these
estimates, see Pakes and Pollard (1989) on convergence properties of
optimization estimators.

In the econometric literature, a parametric model with continuous
PDF 𝑔𝜷|𝜶 is used for the distribution of the random parameter logit
model. The hyper-parameter 𝜶 is estimated by the maximum likelihood
(Cameron & Trivedi, 2005, p. 514) which requires data on the occur-
rences of outcomes, or a least squares approach (Harding & Hausman,
2007), which requires data on marketshares. The ME procedure does
not rely on such occurrence or share data. However, when the share
data is available, the procedure suggested by Harding and Hausman
(2007) can be used for estimating the parameters of 𝑔𝜽 by the PDF
transformation with 𝜽 = −𝜂−1(𝜷). Pakes and Pollard (1989) theory does
not require smoothness of 𝑔𝜷 .

Remark 1. The family of 𝜙-divergences, 𝜙(𝜋1 ∶ 𝜋2), includes the
KL information, some of its generalizations, and several other well-
known measures that can be used for the noisy moment ME framework.
We have chosen the KL divergence as our focal measure because it
provides the mutual information with attractive properties such as the
uncertainty reduction representation (12), closed form expressions for
many well-known continuous probability distributions, and coincid-
ing with the mixture’s Jensen–Shannon divergence. A member of the
𝜙-divergence family with the attractive feature of symmetry and nor-
malization is the total variation distance (TV), defined by the normalized
𝐿1-norm

𝑇 𝑉 (𝜋1, 𝜋2) = 1
2 ∫Q

|𝜋1(𝑞) − 𝜋2(𝑞)|𝑑 𝜈(𝑞). (25)

Borgonovo (2007) defined the moment independent sensitivity indicator
by

𝜉𝑇 𝑉 = 𝐸𝜽[𝑇 𝑉 (𝜽)] = 1
2 ∫ ∫Q

|𝜋𝜽,𝑄(𝜽, 𝑞) − 𝑔𝜽(𝜽)𝜋𝑄(𝑞)|𝑑 𝜈(𝑞)𝑑 𝜇(𝜽). (26)

Borgonovo et al. (2014) included (13) and (26) as examples of 𝜙-
divergence for the invariance in the sensitivity analysis. Borgonovo
et al. (2021) called 𝜉𝑇 𝑉 the 𝛿-importance and showed that (13) and
(26) are information value under a proper scoring rule. The integrals in
(25) and (26) are intractable for the normal and many other continuous
PDFs. We will use (26) for the ME models on finite support.

Various normalized mutual information indices are proposed in the
literature. We use the normalized expected information index defined
by the following expected entropy reduction due to the constraints (6)
on the finite support:

𝐼𝑀 (𝜽, 𝑄) = 𝑀(𝜽, 𝑄)
(𝜋𝑄)

= 1 − 𝐸𝜽[(𝑄|𝜽)]
(𝑄)

. (27)
1018 
Fig. 2. Density plots of the ME model parameters and box plots of the ME probabilities
of 1,000 simulations of the noisy mean ME model (top panels) and the noisy mean
and variance ME model (bottom panels).

3.3. Noisy mean and variance on finite support

To illustrate the entropy concentration theorem, Jaynes (1982)
introduced the following loaded dice problem (which has become a
widely used problem in the entropy literature). He considered two
scenarios. In the first scenario, there is no information beyond the
possible outcomes 𝑋 of the dice, so the ME model is the uniform
distribution 𝜋∗0 on the support X = {1,… , 6}, which coincides with
Laplace’s Principle of Insufficient Reason. In the second scenario, he
supposed that there is ‘‘evidence for some systematic influence causing
the distribution to depart from the uniformity’’, so that the average
number of spots is 4.5 (which exceeds 3.5 of the uniform distribution
𝜋∗0 for a fair dice).

We consider two noisy cases for the loaded dice problem.

(a) The noisy mean with 𝑔𝜇 =  (𝜇0, 𝜎2𝜇).
(b) The noisy mean and variance with the normal-gamma prior

𝑔𝜇 ,𝜏 = 𝑔𝜇𝑔𝜏 , where 𝜏 = 1∕𝜎2 is precision parameter of the
distribution of 𝑋 on the support X = {1,… , 6}, and 𝑔𝜏 = (𝑎, 𝑏);
𝑎 and 𝑏 are the shape and scale parameters.

In both cases the ME models are logit (21), where for (a) 𝑇 (𝑥) = 𝑥 and
for (b) 𝑇1(𝑥) = 𝑥, 𝑇2(𝑥) = 𝑥2.

For implementing the noisy ME models, we simulated 1,000 noisy
moments from 𝑔𝜃 =  (4.5, 1∕9) for (a) and 𝑔𝜃1 ,𝜏 =  (4.5, 1∕9)(8.8,
1.95) for (b). The prior variance 𝜎2𝜇 chosen such that a substantially
large number of draws reflect the upward bias; i.e., 𝐸(𝜇) > 3.5 with
a high probability. For (b), we set 𝐸(𝑋) = 𝜇0 = 4.5 and 𝐸(𝜎2) ≈ 2.3
as the variance of Jaynes’ ME model. Among the simulation outcomes
only two were slightly smaller than 3.5 which produced 𝛽 < 0 reflecting
downward bias.

Fig. 2 displays the density plots of model parameters 𝛽 = −𝜆 for
(a) and 𝛽𝑘 = −𝜆𝑘, 𝑘 = 1, 2 for (b) and the box plots of the distributions
of the noisy ME probabilities for the two cases. The mean of the model
parameter for (a) is 𝛽 = 0.388 and for (b) 𝛽1 = 18.70 and 𝛽2 = −2.08. The
box shows the middle 50% of the distribution and the line in the box
shows the median probability. The circle inside the box shows the mean
and the dots indicate outliers defined by 1.5 times the inter-quartile
range above or below the quartiles. For case (a), the distributions of
the ME probabilities show exponential upward shifts and for (b) the
distributions of ME probabilities shift according to a truncated normal
pattern.
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Table 1
Noiseless and mixture of the noisy ME distributions of the loaded dice outcomes.

Input1 𝑥 −1(𝜽)

𝜽 or 𝑔𝜽 𝜷 1 2 3 4 5 6 𝐻 𝐼𝛥∗ (𝜽) −1
11 −1

12 −1
22

Mean
Noiseless 4.5 .371 .054 .079 .114 .165 .240 .347 1.614 .10 .44
Mixture 𝑔𝜃 .058 .080 .113 .161 .235 .352 1.617

Mean and Precision
Noiseless (5.5,2.3) (.366,.001) .055 .079 .114 .165 .240 .348 1.614 .10 12.60 −1.56 .20
Mixture 𝑔𝜃1 ,𝜃2 .0000 .0004 .0333 .4757 .4585 .0321 .938

1𝑔𝜃 =  (4.5, 1∕9), 𝑔𝜃1 ,𝜃2 =  (4.5, 1∕9)(8.8, 1.95).
Table 2
Information measure of two noisy ME models for the loaded dice.

Input ̃−1(𝜽)

𝑔𝜽 𝐻̄ 𝑀(𝜃 , 𝑄) 𝐼𝑀 𝑇 𝑉 ̃−1
11 ̃−1

12 ̃−1
22

Mean  (4.5, 1∕9) 1.593 .023 .015 .073 .462

Mean and precision  (4.5, 1∕9)(8.8, 1.95) .753 .185 .197 .563 1281.44 −142.06 15.85

1𝑔𝜃 =  (4.5, 1∕9), 𝑔𝜃1 ,𝜃2 =  (4.5, 1∕9)(8.8, 1.95).
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Table 1 shows the noiseless ME models and the mixture distri-
utions of the simulated noisy moment ME models. For the Jaynes’
oiseless model, 𝛽 = 0.371 > 0, which produces an exponentially
ncreasing 𝜋∗(𝑥) for the upward bias 𝐸(𝑋) = 4.5 > 3.5. The mixtures
f the noisy mean ME probabilities (second row) are very close to
he noiseless ME probabilities, in spite of the variations shown in the

upper right panel of Fig. 2. For the noiseless ME model with mean and
ariance constraints, 𝛽1 = 0.366 > 0 and 𝛽2 = 0.001, which indicate
hat the addition of the second moment has a negligible effect on the
E distribution, and that is a discrete analog of an upward truncated

xponential on X. But the mixtures of the noisy mean and variance
E probabilities (fourth row) is very different from the noiseless ME

robabilities. This mixture model distributes more than 93% of the
istribution almost equally to 𝑥 = 4, 5. For noiseless ME models only the
ntropy, the normalized (5) of the constraints defined by 𝛥∗(𝜽)∕(𝜋∗0 ),
nd the inverse of Fisher information 𝛴∗ given by Lemma 1 are

available. The entropy of the noiseless mean constraint model is close to
the uniform distribution and the ID index gives the relative cost of 10%
for the minimum adjustment of the uniform distribution to satisfy the
given information about the mean. The entropy of the mixture of the
noisy mean ME probabilities is about the same as that for the noiseless
ME model. But the entropy of the mixture of the noisy mean ME
probabilities is substantially less than that for the noiseless ME model
and the inverse of Fisher information indicates substantial sensitivity
of 𝛽1 to the small changes of the moment parameters.

Table 2 compares the two noisy models according to the empiri-
cal mutual information 𝑀 , information index 𝐼𝑀 , the total variation
index 𝑇 𝑉 , and the expected inverse of the Fisher information ̃ . For
the noisy mean ME model, these measures indicate little probabilis-
tic and parameter sensitivity. For the noisy mean and variance ME
model, these measures indicate probabilistic sensitivity and substan-
tially higher parameter sensitivity of 𝛽1 to the random variation of
𝜽.

Assigning probability to outcomes of the loaded dice exemplifies the
more general problem of assigning probability to alternatives (e.g. dif-
erent products, different projects) based on some attributes (e.g. price,
ost) across the alternatives.

4. Choice probability forecasts

The probabilistic choice models estimate the probabilities of differ-
ent choices for a random sample of 𝑁 DMs from a set of alternatives

= {𝐴1,… , 𝐴𝐽 }, given data on alternative-varying attribute variables
nd/or DM’s attributes. We consider the problem with alternative-
arying attribute variables represented by the 𝐾 × 𝐽 matrix 𝑋 =
𝑖
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[𝑥𝑖𝑗 𝑘], 𝑖 = 1,… , 𝑁 , 𝑗 = 1,… , 𝐽 , 𝑘 = 1,… , 𝐾, where the rows are data
on 𝐾 attributes which vary across 𝐽 columns for the alternatives. We
denote the choice probabilities by 𝜋𝑖𝑗 = 𝑃𝑖(𝑄 = 𝐴𝑗 ), 𝑖 = 1,… , 𝑁 , 𝑗 =
1,… , 𝐽 , and the distribution for each DM on the support Q by the
vector 𝝅𝑖 = (𝜋𝑖1,… , 𝜋𝑖𝐽 )𝑇 . An analogy to the loaded dice problem can
be made by considering 𝑁 dies with 𝐽 faces that are loaded differently
and 𝑇 (𝑞𝑖𝑗 ) = 𝑥𝑖𝑗 𝑘.

In the traditional statistics and econometrics a probability model
is formulated as 𝜋𝑖𝑗 = 𝐹 (𝜷𝑇 𝒙𝑖𝑗 ), where 𝐹 is a cumulative distribution
unction, 𝒙𝑖𝑗 = (𝑥𝑖𝑗1,… , 𝑥𝑖𝑗 𝐾 )𝑇 is the 𝑗th column vector of individual 𝑖th
hoice attribute matrix 𝑋𝑖, and 𝜷𝑇 = (𝛽1,… , 𝛽𝐾 ) is a vector of unknown
arameters. The data requirement for estimating 𝜷, in addition to the
hoice attributes, includes choices already made by the sample of 𝑁
Ms, defined by 𝑦𝑖𝑗 = 1 if DM 𝑖 has chosen alternative 𝑗 and 𝑦𝑖𝑗 = 0
therwise, for all 𝑖 = 1,… , 𝑁 , 𝑗 = 1,… , 𝐽 .

In probability forecasting problems, future attribute scores, denoted
s 𝑋𝑖(𝑡+1), 𝑖 = 1,… , 𝑁𝑡+1, are given, but data on choice indicators
𝑖𝑗(𝑡+1), 𝑖 = 1,… , 𝑁𝑡+1 are not available because future choices are not
nown yet; stated preference data gathered in surveys, if available, is
ubject to controversy (Cameron & Trivedi, 2005, p. 499).

Traditional forecasting approaches first estimate the model param-
eter 𝜷 using data available at time 𝑡, denoted here as (𝑥𝑖𝑗 𝑘𝑡, 𝑦𝑖𝑗 𝑡), 𝑖 =
1,… , 𝑁𝑡. The likelihood function for 𝜷 is defined by
𝐿(𝜷) = ∏𝑁𝑡

𝑖=1
∏𝐽

𝑗=1[𝐹 (𝜷
𝑇 𝒙𝑖𝑗 𝑡)]𝑦𝑖𝑗 𝑡 . The MLE is defined by 𝜷̂𝑡 = ar g max

𝐿(𝜷). Then probability forecasts are computed by 𝜋̂𝑖𝑗(𝑡+1) = 𝐹 (𝜷̂𝑇𝑡 𝒙𝑖𝑗(𝑡+1)).

4.1. Individual level ME choice probability forecasts

The data required for deriving the ME choice probability forecasts
for individual DMs consists of attribute matrix 𝑋𝑖(𝑡+1) and the attribute
orecasts defined by

𝜃𝑓𝑖𝑘(𝑡+1) =
𝐽
∑

𝑗=1
𝜋𝑖𝑗𝑇𝑘(𝑥𝑖𝑗 𝑘(𝑡+1)) = 𝝅𝑇𝑖 𝑻 (𝒙𝑖𝑘(𝑡+1)), 𝑘 = 1,… , 𝐾 , (28)

where 𝒙𝑖𝑘(𝑡+1) is the 𝑘th row of 𝑋𝑖. The attribute forecast data can be
estimated from the MLE probability forecasts 𝜃̂𝑓𝑖𝑘(𝑡+1) = 𝝅̂𝑇𝑖(𝑡+1)𝒙𝑖𝑘(𝑡+1) or
provided by the experts in the application problem. For example, at
time 𝑡 a manager asks her data scientist to compute the probability
forecasts that the firm would be selected by a DM who is considering

producers of a product which will be offered with new prices and
izes for time 𝑡+ 1. The data scientist’s probability model based on the
ew attributes will be different from the current probability model. The

weights can be found in various ways, such as expert opinion, market
shares, and applying probabilities given by a time 𝑡 model to the time
𝑡 + 1 specifications.
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The system of Eqs. (28) displays two notable features: (a) Each
ttribute varies across the alternatives in the choice set Q with proba-

bilities 𝜋𝑖𝑗 . (b) Each attribute forecast 𝜃𝑖𝑘 is a linear function of 𝜋𝑖𝑗 , and
herefore is a moment of the probability distribution 𝝅.

In terms of (6), consider the following class of distributions:

𝛺𝜃𝑖 =
{

𝝅𝑖 ∶ 𝝅𝑇𝑖 𝑻 (𝒙𝑖𝑘(𝑡+1)) = 𝜃𝑖𝑘(𝑡+1), 𝑘 = 1,… , 𝐾}

. (29)

If 𝛺𝜃𝑖 is not empty, for 𝐾 < 𝐽 − 1, (28) is not determined and there are
uncountably many solutions for 𝜋𝑖.

The following proposition gives the ensemble of individual level ME
models in 𝛺𝜃𝑖 for N DMs.

Proposition 3. Let 𝜽𝑖(𝑡+1) = (𝜃𝑖1(𝑡+1),… , 𝜃𝑖𝐾(𝑡+1))
𝑇 . Then (21) gives the

ensemble of individual level ME models 𝜋∗𝑓𝑖 |𝑋𝑖(𝑡+1),𝜽𝑖(𝑡+1) with elements
given by the following probabilities:
𝜋∗𝑓𝑖𝑗(𝑡+1)|𝑋𝑖(𝑡+1),𝜽

𝑓
𝑖(𝑡+1)

=
exp{𝜷𝑇𝑖(𝑡+1)𝑻 (𝒙𝑖𝑗(𝑡+1))}

𝑍𝑖(𝑡+1)
, 𝑖 = 1,… , 𝑁𝑡+1, 𝑗 = 1,… , 𝐽 . (30)

where 𝜷𝑖(𝑡+1) = −𝝀𝑖(𝑡+1), 𝒙𝑖𝑗(𝑡+1) is the 𝑗th column of 𝑋𝑖(𝑡+1) and 𝑍𝑖(𝑡+1) =
(𝝀𝑖(𝑡+1)).

To simplify notations conditioning on 𝑋𝑖(𝑡+1) and/or 𝜽𝑖(𝑡+1) will be
sed in (30) only when emphasis is needed.

Proposition 3 introduces a general family of individual level choice
models. In (30), 𝑇𝑘(𝑥𝑖𝑗 𝑘) represents various functions of 𝑥𝑖𝑗 𝑘. Two
important special cases are as follows.

(a) When in (30) 𝑇𝑘(𝑥𝑖𝑗 𝑘(𝑡+1)) = 𝑥𝑖𝑗 𝑘(𝑡+1), Proposition 3 gives the
following ensemble of individual level generalization of the
conditional logit model:

𝜋∗𝑓𝑖𝑗(𝑡+1) =
exp{𝜷𝑇𝑖(𝑡+1)𝒙𝑖𝑗(𝑡+1)}

∑𝐽
ℎ=1 exp{𝜷

𝑇
𝑖(𝑡+1)𝒙𝑖ℎ(𝑡+1)}

, 𝑖 = 1,… , 𝑁𝑡+1, 𝑗 = 1,… , 𝐽 .

(31)

(b) When in (30) attributes are positive and 𝑇𝑘(𝑥𝑖𝑗 𝑘(𝑡+1)) = log(𝑥𝑖𝑗 𝑘(𝑡+1)
Proposition 3 gives the following ensemble of individual level
generalization of the multiplicative competitive interaction mode

𝜋∗𝑓𝑖𝑗(𝑡+1) =

∏𝐾
𝑘=1 𝑥

𝛽𝑖𝑘(𝑡+1)
𝑖𝑗 𝑘(𝑡+1)

∑𝐽
ℎ=1

∏𝐾
𝑘=1 𝑥

𝛽𝑖(𝑡+1)
𝑖ℎ𝑘(𝑡+1)

, 𝑖 = 1,… , 𝑁𝑡+1, 𝑗 = 1,… , 𝐽 . (32)

The individual moments 𝜃𝑖𝑘(𝑡+1), 𝑖 = 1,… , 𝑁 , 𝑘 = 1,… , 𝐾 provide
ata for application of Proposition 2 to (31). The marginal PDFs of
30)–(32) are given by the ME mixture model (22) with 𝜋∗𝑖𝑗 |𝑋𝑖,𝜽𝑖(𝑡+1).

The entropies of the individual level ME models and their marginal dis-
tributions provide the empirical mutual information (23). By (Bernardo,
1979) interpretation of (13), (23) measures the expected utility of
onstraints (29) for the ME model (30).

The future attribute scores are often subject to uncertainty. Then
𝑋𝑖(𝑡+1), 𝑖 = 1,… , 𝑁 are generated from the probability distribution of
he random matrix 𝑋. The empirical mutual information (23) for the

ensemble of ME forecast models written as 𝑀(𝑋 , 𝑄) provides a measure
of dependence between 𝑄 and the random attribute score matrix.

Remark 2. The ensemble of conditional logit model (31) is the IT
ounterpart of the traditional random coefficients logit choice model

specified by Train (2009, p. 157), where the model parameters 𝜷𝑖, 𝑖 =
1,… , 𝑁 vary across the DMs 𝑖 = 1,… , 𝑁 to represent each DM’s ‘‘taste’’.
However the two approaches are fundamentally different. In the ran-
dom coefficients logit model, 𝜷𝑖, 𝑖 = 1,… , 𝑁 are unknown parameters
assumed to have a continuous PDF 𝑔(𝜷|𝜶). The hyper-parameter 𝜶
is estimated using data from a sample of individuals who have al-
ready chosen a set of alternatives with different attributes, (𝑋 , 𝑦 ), 𝑖 =
𝑖 𝑖𝑗
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1,… , 𝑁 , 𝑗 = 1,… , 𝐽 . Then 𝜷 𝑖’s are estimated by 𝐸(𝜷𝑖|𝑋𝑖, 𝑦𝑖𝑗 ) via
simulations (Train, 2009).

In contrast, in the ME derivation of the ensemble of logit models
(31), 𝜷𝑖, 𝑖 = 1,… , 𝑁 are given by the Lagrangian multipliers for the
individual constraints in (28) that vary across the DMs. For a sample
f 𝑁 DMs from a population, the set of attribute moments 𝜽𝑖(𝑡+1), 𝑖 =
,… , 𝑁 constitutes a sample of the population attribute moments. The
istribution of population attribute moments is unknown and induces

uncertainty about the population ME model parameters. The empiri-
cal distributions of 𝜽𝑖(𝑡+1)’s and 𝜷𝑖’s represent the distribution of the
espective population parameters. Thus, unlike the traditional random

coefficients logit model, the individual level ME model (31) does not
require specification of probability distributions for the moment and
model parameters. However, using a parametric distribution for the
noisy moments is an option, as shown in Section 3.3.

4.2. ME/MLE attribute forecasts

The existing ME logit choice models are derived by pooling the
ttribute moments 𝜽𝑖𝑘(𝑡+1) for 𝑁 DMs in terms of ∑𝑁

𝑖=1 𝜽𝑖𝑘(𝑡+1) (Soofi,
1992, 1994). A slight reformulation of constraints for deriving these
logit models in terms of (6) is to let

𝛺𝜃̄ =

{

𝜋 ∶ 𝑁−1
𝑁
∑

𝑖=1
𝜋𝑇𝑖 𝒙𝑖𝑘 = 𝜃̄𝑘, 𝑘 = 1,… , 𝐾

}

. (33)

For 𝐾 < 𝑁(𝐽 − 1), constraints (33) provide the following pooled
moment ME model:
𝜋∗𝑖𝑗 |𝑋 , 𝜽̄ = 1

𝑍
exp{𝜷𝑇 𝒙𝑖𝑗}, 𝑖 = 1,… , 𝑁 , (34)

where 𝜽̄ = (𝜃̄1,… , 𝜃̄𝐾 )𝑇 and 𝑋 = [𝑋1 ∶ ⋯ ∶ 𝑋𝑁 ] is the 𝐾 ×𝑁 𝐽 matrix
of the attribute data for the entire 𝑁 DMs.

The distinction between the individual level logit model (31) and
the pooled ME logit model (34) is notable. Unlike the individual level
logit model (31), where 𝜷 𝑖 varies across the 𝑁 DMs, 𝜷 in (34) is the
ame for all DMs. This distinction is due to the fact that (33) includes
𝐾 information constraint for all 𝑁 DMs and (28) includes 𝐾 constraints
for each DM, which accounts to 𝑁 𝐾 constraints for 𝑁 DMs.

A common Lagrange multiplier still produces different attribute
orecasts 𝜃𝑖𝑘(𝑡+1), 𝑖 = 1 … , 𝑁 , 𝑘 = 1,… , 𝐾 due to the variation of
𝑋𝑖(𝑡+1), 𝑖 = 1,… , 𝑁 across the sample for application of Proposition 2.
A special case of the empirical mutual information (23) arises when
he marginal distribution of the pooled moment ME logit model (34)

is uniform, 𝑁−1 ∑𝑁
𝑖=1 𝜋

∗
𝑖𝑗 |𝑋𝑖 = 1∕𝐽 , 𝑗 = 1,… , 𝐽 . For this case, (27)

gives the expected information in terms of (5) for (31), called by Soofi
(1994) the information value of the set of constraints. This relationship
provides additional insight about the existing information indices of the
logit models in terms of representations of the mutual information and
their interpretations.

The pooled moment model (34) includes the MLE of the logit model
as a special case (Soofi, 1992). The MLE logit model is in the form of
(34) where 𝜷 is replaced with 𝜷̂ defined by the vector of solutions to
𝜕 log𝐿(𝜷)∕𝜕𝜷 = 𝟎, which can be represented as follows:

𝑁−1
𝑁
∑

𝑖=1

𝐽
∑

𝑗=1
𝜋𝑖𝑗𝑥𝑖𝑗 𝑘 = 𝑁−1

𝑁
∑

𝑖=1

𝐽
∑

𝑗=1
𝑦𝑖𝑗𝑥𝑖𝑗 𝑘 = 𝜃̂𝑘, 𝑘 = 1,… , 𝐾 . (35)

With 𝜃̄𝑘 = 𝜃̂𝑘 in (33) gives the pooled ME model logit with 𝜷̂ = −𝜂(𝜽̂).
e call this special case the full information ME/MLE.
This model facilitates application of (31) for probability forecasting

s stated next.

Corollary 1. Denote the pooled ME/MLE attribute forecasts by
𝝅̂𝑓

𝑇

𝑖(𝑡+1)𝒙𝑖𝑘(𝑡+1) = 𝜃̂𝑓𝑖𝑘(𝑡+1), 𝑖 = 1,… , 𝑁𝑡+1, 𝑘 = 1,… , 𝐾 , (36)

and the matrix of future attribute scores by 𝑋𝑖(𝑡+1) = [𝑥𝑖𝑗 𝑘(𝑡+1)]. Then
he individual level ME probability forecast distribution consistent with the
ttribute forecasts (36) is given by (34) where 𝜷𝑖(𝑡+1) = −𝜂(𝜃̂𝑓𝑖(𝑡+1)), 𝑖 =
,… , 𝑁𝑡+1.
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4.3. Illustrative data analysis: Fishing data

The fishing data (Cameron & Trivedi, 2005) is a sample of choices
ade by 1182 individuals in the United States from four fishing modes

(beach, pier, boat, and charter), two choice attributes (price and the
atch rate), and one individual-specific attribute (income). We use the
hoice attributes to compare the individual level ME forecast model
31) with the pooled full information ME/MLE model (34) and three
ersions of the traditional random parameters logit models.

We split the data into two randomly selected subsamples of equal
izes (𝑁 = 591), denoted as (𝑋𝑡, 𝑦𝑡) and (𝑋𝑡+1, 𝑦𝑡+1), to represent time 𝑡

and time 𝑡 + 1 data, respectively. The subsamples are used as follows.

(a) The time 𝑡 complete data (𝑋𝑡, 𝑦𝑡) is used for computing coeffi-
cients 𝜷̂𝑡 of pooled ME/MLE logit and the traditional random
parameters models.

(b) We apply the estimated coefficients to the time 𝑡 + 1 predictors
𝑋𝑡+1 to compute the forecast probabilities of these models and
attribute forecasts 𝜃𝑓𝑖𝑘(𝑡+1), 𝑘 = 1, 2 in (36).

(c) The time 𝑡 + 1 predictors 𝑋𝑡+1 and attribute forecasts 𝜃̂𝑓𝑖𝑘(𝑡+1) are
used to compute the individual level ME forecast model (31).

(d) We use time 𝑡+ 1 data (𝑋𝑡+1, 𝑦𝑡+1) to compute the time 𝑡+ 1 MLE
(full information ME/MLE) model to serve as the benchmark,
𝜋𝐵 𝑀 , for comparing accuracies of probability forecasts obtained
from the models under consideration.

Table 3 summarizes the results for moment forecasts, model pa-
ameters, and the following two measures of forecast accuracy: the

averages of the KL divergences, and the mean absolute errors (MAE)
etween each forecast model 𝜋𝑓 and 𝜋𝐵 𝑀 . The moments parameters
̂𝑘(𝑡+1), 𝑘 = 1, 2 for the benchmark model are computed using (35),
which are treated here as actual 𝜃𝑘(𝑡+1) = 𝜃̂𝑘(𝑡+1) for the purpose of
comparison with other models. So its error measures are zero. Eco-
nomic consideration suggests negative price coefficient and positive
catch rate coefficient. Two versions of the individual level ME model
are considered: one uses the attribute forecasts for all 591 individuals
with average model parameters, and one restricted to 585 cases where
he Lagrange multipliers in (31) produced 𝛽𝑖1(𝑡+1) < 0 and 𝛽2𝑖(𝑡+1) > 0.

The individual level ME model parameters reported in the table are
averages of logit coefficients obtained from individual Lagrange multi-
pliers 𝛽𝑘 =

∑𝑁𝑡+1
𝑖=1 𝛽𝑖𝑘∕𝑁𝑡+1. The individual level logit coefficients varied

to great extents, however, their averages reported in the table are very
lose to the coefficients of the pooled ME/MLE logit models used for
omputing the moment forecasts. The results for the two versions of
he individual level ME model are approximately identical (for the
umber of decimal places shown in the table). The results for the three
ersions of the traditional random parameters models are substantially
ifferent, particularly substantially larger catch rate coefficient and
igher forecast errors. Also notable in the table are that all forecast
odels underestimate the moment forecast for the price 𝜃̂1(𝑡+1) which

s more serious for the traditional random parameters models with the
niform and triangular distributions. The individual level ME models
lightly underestimate the moment forecast for the catch rate 𝜃̂2(𝑡+1)
hile the traditional random parameters model overestimate it, again

ubstantially.
Table 4 shows the information measures for assessing the prob-

abilistic sensitivity (divergence measures) and parameter sensitivity
(expected Fisher information) of the benchmark model (a pooled mo-
ments ME/MLE) and the individual level ME forecast model. The
forecast model is slightly more probabilistically sensitive than the
benchmark model. The table includes the elements of the expected
Fisher information matrix. Accordingly, the price coefficients of the
two models are not sensitive but their catch rate coefficients are highly
sensitive. The cross-sensitivity between the price and catch rate is
negative.

We also examined probabilistic sensitivity and forecast error of the
individual level ME forecast model (31) by adding Gaussian noises to
1021 
Table 3
Comparison of the individual level ME forecast model (time 𝑡 model parameter and
time 𝑡 + 1 attribute data) with the traditional random parameters models.

Price Catch rate Forecast error1

𝜃̄1 𝛽1 𝜃̄2 𝛽2 ̄ 𝑀 𝐴𝐸
Benchmark 𝜋𝐵 𝑀 53.882 −.018 .396 .929 0 0

Forecast model 𝜋𝑓
Individual level ME2

𝛽1 , 𝛽2 unrestricted 50.899 −.023 .389 .955 .007 .019
𝛽1 < 0, 𝛽2 > 0, 𝑛 = 585 50.800 −.023 .391 .972 .007 .019

Traditional random parameters logit3 (mixed logit)
Normal 𝛽𝑘 ∼ 𝑁(𝜇𝑘 , 𝜎2𝑘) 50.131 −.028 .427 1.478 .023 .036
Triangular 𝛽𝑘 ∼ 𝑇 𝑟(0, 𝑎𝑘) 49.480 −.027 .396 1.140 .018 .031
Uniform 𝛽𝑘 ∼ 𝑈 (0, 𝑎𝑘) 46.904 −.039 .407 1.545 .059 .060

1Error measures are reference to the benchmark model; 2Model parameters are obtained
by the averages of individual Lagrange multipliers; 3Model parameters are estimated
expected values of 𝛽𝑘𝑡.

the ME/MLE moment forecasts (36) with 𝑔𝜃𝑖𝑘 =  (𝜃0𝑖𝑘, 𝜎2𝑖𝑘); the upper
limits for coefficients of variation 𝑐 𝑣𝑖𝑘 = 𝜎𝑖𝑘∕𝜃0𝑖𝑘 are chosen such the
moments remain positive with very high probabilities.

Fig. 3 displays plots of the empirical sensitivity measures (left)
and the two forecast error measures (right) for samples of noisy mo-
ments 𝜃𝑖𝑘 as functions of 𝑐 𝑣 ∈ (0, .2]. These plots reflect the fact that

hen the noisy moments variances increase, variations of the forecast
robabilities increase and they become farther from the marginal distri-

bution; i.e., the marginal distribution (average probabilities) becomes
ess representative. The right panel indicates that when variations of the
orecast probabilities increase they become farther from 𝜋𝐵 𝑀𝑖 ’s given by
he benchmark model shown in Table 3.

5. Concluding remarks

Probabilistic forecasting seeks to provide distributions for future
outcomes of a variable of interest based on some partial information.
The maximum entropy approach is a formal method to derive optimal
forecast distributions consistent with the given moment forecasts. The
moments forecasts are uncertain and estimated using currently avail-
able data or expert judgments. We proposed an ME framework where
the moment forecasts are treated as noisy. The mutual information
and expected Fisher information measures are included for assessing
probabilistic and parameter sensitivity, respectively. This framework
is equivalent to the Bayesian model where the prior distribution is
assigned to the moments instead of the likelihood model parameters.

The noisy ME framework led to some new information measures
nd ME models. First, the mutual information of the normal model
ith normally distributed mean and given variance is used in various

applications. We derived a new mean–variance decomposition of the
utual information using the usual normal-gamma prior for the more

ealistic problem when both moments are uncertain. Extensions of this
result to various generalizations of the normal distribution and other
priors provide interesting research topics for future.

Second, computing the mutual information requires the marginal
distribution. The ME models on finite supports are in logit form and
the integral for computing the marginal distribution is intractable. We
proposed an estimate for the mutual information.

Third, this paper developed an ensemble of individual level forecast
models with parameters varying across the sample – recognizing that
ndividual attribute forecasts vary across the sample. In the context of

the probabilistic choice modeling, the existing pooled ME logit models
provide information about the average behavior, but the new individ-
ual level ME logit model provides information about the individual’s
behavior. Traditionally, probability forecasts are estimated by plugging
in the future attribute scores into the maximum likelihood estimate of
the logit computed with the complete sample currently available. We

utilize the traditional attribute forecasts as the moment parameters.
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Table 4
Probabilistic and parameter sensitivity of the benchmark and forecast models.

Divergence measures Expected Fisher information

𝑀 𝐼𝑀 𝑇 𝑉 𝐸̄[ ]11 𝐸̄[ ]12 𝐸̄[ ]22
Benchmark 𝜋𝐵 𝑀 .225 .165 .262 0.056 −4.719 5206.821
Individual level ME forecast model 𝜋𝑓 .275 .203 .290 0.052 −5.403 7814.991
Fig. 3. Plots probabilistic sensitivity measures (left) and forecast errors (right) of Gaussian noise added to individual level ME model.
S

(

a

This new ME model advances the existing ME logit models for forecast-
ing application problems. An illustrative application example indicated
that the individual level ME logit model produces substantially more
accurate forecasts than the traditional random parameters logit models.

Some remaining issues provide interesting problems for future re-
earch. Implications of the proposed noisy moments ME framework
or Bayesian analysis are currently under study. In this paper, the
oisy ME models are conditional on the given attribute forecasts.
e noted that the literature provides various approximations of the
arginal distributions of the noisy ME models on the finite support.
valuating the implications of these approximations for estimating the

mutual information can be insightful. We also briefly pointed out an
nterpretation of the empirical mutual information when the attribute

scores are random draws from a probability distribution. Considering
parametric models for distributions of the attribute scores provides a
hallenging research problem for future research.
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Appendix A

Proof of Proposition 1
Letting 𝜎2𝜇∕𝜎2 = 1∕𝑐 in (15) gives (19). The mutual information (20)

s

𝑀(𝜎2, 𝑌 |𝜇) = (𝜋𝑦|𝜇) − 𝐸𝜎2
[


(

𝜋∗
𝑦|𝜇 ,𝜎2

)]

, (A.1)

where the distribution of 𝑌 conditional on 𝜇 is Student-𝑡, 𝜋𝑦|𝜇 =
𝜈 [𝜇 , (1 + 1∕𝑐)𝜎20 ], and

[𝜈 (𝜇 , 𝜎20 )]

= log
√

𝜈 𝜋 𝛤 (𝜈∕2)
𝛤 (𝜈∕2 + 1∕2) +

𝜈 + 1
2

[𝜓(𝜈∕2 + 1∕2) − 𝜓(𝜈∕2)] + .5 log[(1 + 1∕𝑐)𝜎20 ].

(A.2)
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The expression for the normal entropy with 𝜎2 = 1∕𝜏 and the expression
for 𝐸𝜏 (log 𝜏) give

𝐸𝜏 [(𝜋∗
𝑦|𝜇 ,𝜎2 )]

= .5 + .5 log(2𝜋) − 𝐸𝜇(log 𝜏) = .5 + .5 log(2𝜋) − .5𝜓(𝜈∕2) + .5 log(𝜈∕2𝜏0).
(A.3)

By the invariance of mutual information 𝑀[(𝜇 , 𝜎2), 𝑌 ] = 𝑀[(𝜇 , 𝜏), 𝑌 ].
ubstituting (A.2) with 𝜏0 = 1∕𝜎20 and (A.3) in (A.1) we obtain
𝑀(𝜎2, 𝑌 |𝜇). The location-invariance of entropy (as seen in (A.2) and
A.3)) gives (20).

Appendix B. Supplementary data

Supplementary material related to this article can be found online
t https://doi.org/10.1016/j.ejor.2024.12.024.
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