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ABSTRACT

This article compares the information content of a sample for two competing Bayesian approaches. One approach follows Dennis
Lindley’s Bayesian standpoint, where one begins by formulating a prior for a parameter related to the problem in question and
incorporates a likelihood to transition to a posterior. This contrasts with the usual Bayesian approach, where one starts with a
likelihood model, formulates a prior distribution for its parameters, and derives the corresponding posterior. In both cases, the
sample information content is measured using the difference between the prior and posterior entropies. We investigate this contrast
in the context of learning about the moments of a variable. The maximum entropy principle is used to construct the likelihood
model consistent with the given moment parameters. This likelihood model is then combined with the prior information on the
parameters to derive the posterior. The model parameters are the Lagrange multipliers for the moment constraints. A prior for
the moments induces a prior for the model parameters; however, the data provides differing amounts of information about them.
The results obtained for several problems show that the information content using the two formulations can differ significantly.
Additional information measures are derived to assess the effects of operating environments on the lifetimes of system components.

1 | Introduction a density function on a support Y. Our quantities of interest are

the following moment parameters:
Irony and Singpurwalla [1] report a written dialogue consisting

of 44 questlon.s on I.lon—mfo.rmatlve priors with José Bernz.;lrdo, 0, =E, [Tk(YIG)], k=1,---,K, @
followed by discussions written by D. R. Cox, A. P. Dawid, J.
K. Ghosh, and Dennis Lindley.!? In his discussion, Lindley [2]
described the “Bayesian standpoint” by beginning with a parame-
ter @ related to the problem in question, formulating a prior, incor-
porating a likelihood, and passing to a posterior. He contrasts this
standpoint with the usual Bayesian approach that begins with a
likelihood model and specifies a prior for its parameters.

where 0 = (6, ...,QK)T is a vector of unknown finite quanti-
ties and T s are various types of moments of a probability den-
sity or mass function (PDF) f(y|0). The maximum entropy (ME)
principle [3, 4] provides likelihood models parameterized by
the Lagrange multipliers for the research moment constraints
(Equation (1)). The mapping between the moments and the ME
Often the research question is about some moments of a variable. likelihood parameters is invertible, but the information provided
We denote the variable of interest by Y, which varies according to by the data about them is not equal. The uncertainty about the
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unknown 6 is described by a PDF g(6). We explore the rela-
tionship between the utility of learning from the data about the
moment parameters and about the likelihood model’s parame-
ters. Following Abel and Singpurwalla [5], we measure the util-
ity of data for learning about the parameters in terms of sample
information, defined by Lindley [6] as the difference between the
entropies of the prior distribution g(#) and the posterior distribu-
tion g(0y) « f(y16)8(0).

This paper contributes to the Bayesian information literature
by computing and comparing the sample information about the
moment parameters with the information about parameters of
the likelihood model assumed in the usual Bayesian approach
(and other quantities). New contributions include the elaboration
of Abel and Singpurwalla [5], applications of Bayesian informa-
tion measures, and introduction of information measures for the
mean number of failures and the failure rate of the geometric
distribution, the mean and variance of the normal distribution
jointly, and the Lindley and Singpurwalla’s [7] distribution of the
lifetimes of components in the operation environment. The new
information measures extend the Bayesian information literature
and provide insights into some subtle issues.

Abel and Singpurwalla [5] addressed the question of “To survive
or to fail” assuming the exponential model. They compared the
sample information provided by the survival and failure obser-
vations at a given time y = y, about the mean and the failure
rate function, respectively. Ebrahimi et al. [8] addressed the same
question for several failure time models. The likelihood models
to study the question of survival or failure are different; one is
based on the survival function for the survival data, and the other
is based on the PDF for the failure time data. Our problem is com-
parison of the information about the moments and the likelihood
model parameters (and other parameters such as the failure rate)
when all observations are failure times. This is the problem of dif-
ferent parameterizations of the same likelihood model. However,
our expressions for the sample information about the mean time
to failure and the failure rate shed some light on the conclusions
of Abel and Singpurwalla’s [5].

Lindley [9] proposed the posterior information rule, defined by
the negative entropy, for binomial sampling for learning about
the Bernoulli parameter = and & =log(x/(1 — z)). Posterior
measures include the prior distribution and data information.
Only with the uniform prior for z is the posterior information
rule equivalent to Lindley’s [6] sample information (differ-
ence between the prior and posterior entropies). Our analysis
illustrates how, with the uniform prior for z, the posterior infor-
mation differs from the sample information about the log-odds
parameter £. We also use Jeffreys’ prior for z to reveal the effects
of the prior on the posterior information rule. We then introduce
sample information about the mean number of failures and the
failure rate of the geometric distribution.

The sample information about the normal mean, conditional on
given variance, is well known. Recently, Ardakani et al. [10] com-
puted the expected prior predictive information measure about
the mean and variance jointly which, unlike the sample infor-
mation, is invariant under reparameterizations. We introduce
the sample information measures for the unknown mean and
variance jointly, and for the mean and the precision parameter

jointly, using the usual dependent normal-gamma prior. We also
study the sample information about the normal parameters,
individually and jointly, using the independent normal-gamma
prior via MCMC and a kernel estimate of entropy developed in
Pfughoeft et al. [11].

Lindley and Singpurwalla [7] derived the joint predictive survival
function of components of systems operating in an environment,
where the failure rates of components are different from those
in the test environment. They motivated their model in contrast
with the unwieldy distribution of the lifetime of the parallel sys-
tem. However, the Lindley-Singpurwalla model does not depend
on the system structure. We offer a few information measures for
assessing the effects of the environment on the distribution of a
system’s components. Currit and Singpurwalla [12] studied the
reliability properties of the distribution of the parallel system in
the operating environment and proposed a Bayesian procedure
for the parameter of system with two identical components,
where the posterior is not in a closed form. They also briefly
presented the reliability function of the series system in the oper-
ating environment. We also offer a few information measures
for assessing the effects of operation environment on the lifetime
distribution of the series system.

This paper is organized as follows: Section 2 defines the notations
and information measures used in this paper. Section 3 compares
sample information measures about the mean time to failure
and the failure rate. Section 4 compares sample information
measures about the mean of a binary variable and a log-odds
parameter. This section also compares the sample information
measures about the mean and the failure rate of the geometric
distribution. Section 5 presents bivariate sample information
measures about the mean and variance of a variable. Section 6
offers information measures for assessing the effects of the oper-
ating environment on the lifetimes of components in systems.
Section 7 concludes the paper.

2 | Preliminaries

The entropy of a parameter 6 (or its distribution g) can be gener-
ally written as:

H(0)=H(g) = —/g(9) log g(6)dv(0),
(C]

where, for the discrete case dv(f) =1 and the integral becomes
a summation, and for the continuous case, g is a Lebesgue PDF
with dv(0) = db.

The observed sample information is defined by
A(B;y) = H(0) - H(O|y). ©)

Lindley [6] defined this measure in terms of the information
measure of g, given by I(g) = —H(g). This measure can be
positive or negative depending on which of the two distribu-
tions is more concentrated. A(f; y) < 0 indicates a “surprising”
value of y [6]. The sampling rule of A(f;y) to learn about 6
is as follows: continue sampling until A(#;y) has attained a
prescribed value.
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Let A = £(0), where & : RX — RX is one-to-one. The uncertainty
about the research parameter ¢ induces uncertainty about 4 and
the prior g, implies

96"
A= (4 ‘
5 = 2(7 )| Z52
In the continuous case, the entropy and sample information
are not invariant under one-to-one transformations. The entropy
transformation formula is

H(A) = H(®) + E, |log (3)

2|

where E, denotes the expectation with respect to g(6). This
implies the following information transformation:

0E71(4
Ak ) = A0: ) + E, |log %”H Ee|y[

05 (/1) H

In general, the prior and posterior expected values of the dlffer-
ential terms in Equation (4) are different, so A(4; y) can be more
or less than, or equal to A(8; y).

The Kullback-Leibler (KL) information divergence between two
PDFs on a support X C RX is defined by

fl(x)deO, (5)
Sr(x)

K(fy:/f,) =/f1(x)log

provided that f,(x) = 0, whenever f,(x) =0, and K(f; : f,) =
0 if only if f,(x) = f,(x) almost everywhere. This measure is
invariant under one-to-one transformations, so K (g,”y : g/l) =
K ( oy gg). The mutual information between two random vari-
ables X and Y with a joint PDF f and marginal distributions f,
and f, is defined by

MX,Y)=H(f,) K(f:/fuf,)=0
(6)

The KL representation in Equation (6) displays the mutual infor-

mation as a dependence measure, where M (X,Y) = Oifand only

if the two variables are independent.

—E,[H ()] = E[K(/ 2 foy)] =

Lindley [6] defined the expected sample information about
0 by the entropy representation in Equation (6) where
M(©.Y) = E,[A0:y)] = E,[K(g, : g)|- This is the promi-
nent Bayesian information measure (see, Ebrahimi et al. [13]
and references therein). However, K (ggly : gg) > 0 does not
indicate which of the two distributions is more informative. Also
M(6,Y)= M((9),Y). Consequently, M(6,Y) is not germane
to the parameterization question. We will use Equations (5)
and (6) for assessing the effects of environment on lifetimes of
components of systems.

The ME principle provides a unique likelihood model consistent
with the given moment constraints Equation (1). The ME model
that satisfies the K moment constraints Equation (1), if exists, has
a PDF in the following form:

K
£5010) = C(A) exp {—sznm}, yevy. (@
k=1

where A= (4, ....4 K)T is the vector of Lagrange multipli-
ers for constraints Equation (1), the subscript 4 signifies the
parameterization of the model, and C(4) is the normalizing fac-
tor. The existence of the ME model is determined by C~1(1) < co.
The maximum entropy approach is well studied with a large liter-
ature in Statistics, Physics, and many other fields; we refer readers
to Foley and Scharfenaker [14] and references therein for the lat-
est developments. By the uniqueness of the ME model, 4 = £(6)
is a one-to-one function implying that § = £&~(4) and f1(y10) can
be reparameterized and represented simply as f*(y|0).

The exponential family PDFs are in the form of Equation (7)
where A is called the canonical (natural) parameter. The mem-
bers with finite entropies are ME models [15]. All models
for f(y|0) considered in this paper are well known members
of the exponential family finite entropies. The types of their
ME moment constraints can be found in the literature (see,
e.g., the Wikipedia page on the maximum entropy probability
distributions).

3 | Failure Time of an Item

Consider learning about the expected failure time of an
item E(Y|u) = u. We describe uncertainty about u by the
inverse-gamma distribution g(¢) = IG(a, b) with shape and scale
parameters a and b and PDF

—a—1 —b/y

b
gu)=——nu u>0,a,b>0. (®

I(a)
The ME model with a single constraint E(Y|u) = on the
nonnegative support is exponential with PDF f*(y|u) =
(1/m)e™>'*, y > 0. The Lagrange multiplier for the mean con-
straint is the failure rate A =1/pu. The implied prior for the
failure rate is g(1) = G(a, b).

A sample of failure times y, ..., y, provides the following repre-

sentations of the likelihood functions in terms of the mean and
failure rate parameters:

L(u) = e ©)
M"

L(4) = A", (10)
where s, = " .. The inverse-gamma and gamma priors are
conjugate for these likelihood functions, respectively. The poste-
rior parametersare a, = a+nand b, =b+s,,.

The posterior entropy of the mean is
H(uls,) =logI'(a,) +logb, — (a,+1)y(a,) +a,. 11)
where y(a) =dlogl'(a)/da is digamma function. The prior

entropy H(u) is given by Equation (11) with a, = a and b, = b.
The sample information about the mean is

Apss,) = —log(l + s-”) + log @ _ (a+Dy(a)+ (a, +1)y(a,) —n

12)
The sample information for learning about the failure rate
requires adjustment of Equation (12) as in Equation (4). The
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differential term in Equation (3) for A =1/u is log | du/dA| =
—2log A. Using this in Equation (4) we obtain

A(#:s,) = A(uss,) +210g(1+ 7 ) ~2[w(a,) ~v(@]. (13)

From Equations (12) and (13) we conclude that the failure time
data is more (less) information about the mean than about the
failure rate if and only if

10g<1 + %) <) w(a,) - wa). (14)

This inequality has an implication on the conclusions of Abel and
Singpurwalla [5]. They considered comparing information about
the mean and failure rate when an item survived at time y = y,.
Their likelihood functions for this case are based on the survival
functions P(Y > yy|u) = e7o/# and P(Y > y,|4) = e~%, which
is different from Equations (9) and (10) with » = 1 and s, = y,.
These likelihood functions provide the following sample infor-
mation measures:

A(p; survival at y,) = —A(A; survival at y,) = —log(1+ %0)
This measure does not include the shape parameter terms
in Equation (12) which is derived from likelihood function
Equation (9).

Abel and Singpurwalla’s [5] likelihood functions for the mean
and the failure rate after observing a failure at time y = y, are the
same as Equations (9) and (10) with » = 1 and s,, = y,. So, their
observed information measures about the mean and failure rate
for observing a failure at y = y, are the same as Equations (12)
and (13) with s, = y,. Letting s, = y, and n = 1 in Equation (14)
and using the recursive y(a + 1) = w(a) + 1/n, we can conclude
that there is more (less) information about the mean than about
the failure rate in a failure observation at y = y,, if and only if

log(l + yf) <(>) %, for all a> 0.

This condition also holds for their comparison between the sur-
vival and failure data, which improves on their conclusion where
the condition is stated as a > 1.

4 | Probability of Failure

Consider a quality control process with outcomes y € {0,1},
denoting the failure and success to pass, respectively. The uncer-
tainty about the probability that the product passes the inspection
n = P(Y = 1) is described by the Beta prior B(a, b) with PDF

-2t 0<7<1, a,b>0,

g(m)

~ B@b)

where B(a, b) = % is the beta function.

41 | Saturated ME Model

The ME model with a single moment constraint # = E(Y) on the
binary support y € {0,1} is the Bernoulli distribution with PDF

fOlm)y=n"A -2, 0<z<1, y=0,1

Thisis a saturated ME model where a single constraint in addition
to the normalizing constraint exhausts the number of outcomes
on the binary support. This distribution can be represented in
terms of the general form of the ME model Equation (7) where
the Lagrange multiplier is the log-odds parameter in favor of fail-
ure, 4 =log[(1 — x)/x].

A sample of events y,, ..
function for the mean:

., ¥, provides the following likelihood

Ln)x "1 —n)"", 0<x<1, y=0,1,

where s, = X" y;. The posterior distribution of r is B(a,.b,),
where a, =a+ s, and b, = b+ n —s,. The posterior entropy of
7 is

H(z|s,) =log B(a,,b,) — (a,—1) [ll/(a,,) +y(a, + bn)]

(15)
= (b, = 1)[w(b,) +w(a,+b,)]

The prior entropy H(x) is given by Equation (15) with a, = a
and b, = b.

Lindley [9] proposed continuing binomial sampling until the val-
ues of @, and b, obtained are such that the posterior information
I(z|s,) = —H (x|s,) has attained a prescribed value. In general,
the posterior information rule is different from the sample infor-
mation rule defined based on Equation (2), according to which
one continues sampling until the values of @, and b, obtained
are such that A(zr; Sn) has attained a prescribed value. An excep-
tion is the case of uniform prior for the mean for learning about
=, where the prior entropy H(rx) =0, implying that A(x;s,) =
-H (g,,lsn). The equivalence between Lindley’s [6] sample infor-
mation and Lindley’s [9] posterior information rule does not hold
for other than uniform prior for the mean to learn about the
mean and for a uniform prior to learn about a transformation of
the mean.

For example, Lindley [9] also used the posterior information for
binomial sampling to learn about the log-odds against failure,
E(z) =log(n/(1 — z)) = —A. The beta B(a, b) prior for = implies
the Generalized Logistic GL(a, b) prior for the log-odds A:

e—bA

gA)=——— 1€R, a,b>0.
B(b, a)(l + e‘*)“b

This distribution is also called generalized logistic Type IV and is
a conjugate prior for L£(4).

Nadarajah and Zografos [16] gives the following expression for
the entropy of GL(a, b):

H(4ls,) =log B(b,.a,) — a,y(a,) = byw(b,) + (a, +b,)w(a, +b,).
(16)
The prior entropy H (4) is given by Equation (16) with a, = a and
b, = b. Lindley [9] gives the posterior information I[GL(b, a)] =
—H (4ls,). However, the uniform prior for  implies the logistic
distribution G£(1, 1) the log-odds.

In comparing the sample information Equation (2) for = and
for its transformations, the respective priors also play important
roles.

A(x;s,) = H[B(a,b)] - H[B(a,.b,)]: 17)
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TABLE1 | The number of trials for attaining one nit (1.44 bits) sample information about the mean and the log-odds parameter.
max,_ ming_ ming max,
Prior for n S, A(mss,) A(4ss,) S, A(mss,) A(4ss,)
Uniform 6 0 1.089 0.353 3 0.384 0.865
6 1.089 0.353
9 0 1.403 0.374 4 0.528 1.037
9 1.403 0.374 5 0.528 1.037
Jeffreys 3
0 1.004 0.404 1 —0.053 0.947
3 1.004 0.404 2 —0.053 0.947
4 0 1.235 0.421 2 —0.042 1.125
4 1.235 0.421
A(/l; Sn) — HGL(a.b)] - H [Qﬁ(an, bn)]' (1s) provide the required amount of information about the log-odds

Table 1 gives the number of trials needed for obtaining one nit
(natural log unit equivalent to 1.44 bits) of sample information
about the mean with the uniform and Jeffreys priors for z and
the induced prior for A; R codes are available for computing
Equations (17) and (18) upon request. The following points are
evident:

a. With the uniform prior a larger number of trials is needed
to attain a specified amount of information than with the
Jeffreys prior.

b. For a given n, max, A(z;s,) and min; A(4;s,) occur for
outcomes s, = 0,7, and min, A(u;s,) and max, A(4;s,)
occur for the median outcome(s).

c. With the uniform prior, the outcome of six (nine) trials
attain one nit of information about the mean (log-odds).

d. With the Jeffreys prior only three (four) trials are
needed to attain one nit of information about the mean
(log-odds).

Figure 1 shows plots of the sample information about the mean
(solid red) and the log-odds in favor of failure (dashed blue) when
20 trials (left panels) and 30 trials (right panels) based on the
uniform prior (upper panels) and Jeffreys prior (lower panels)
for z. The horizontal (dashed-dotted) lines show the sample out-
comes s, required for attaining one nit of sample information.
The upper left panel shows that when 20 trials are considered
s, <4 and s, > 16 provide the amount of required information
about the mean z, while 2 < s, < 18 provide the required amount
of information about the log-odds parameter 4. The upper right
panel shows that when 30 trials are considered, all outcomes
attain the required amount of information about z and outcomes
2 < s, < 28 provide the required amount of information about 4.

The lower panels of Figure 1 show plots of the sample infor-
mation about z using Jeffreys prior 3(1/2,1/2) and the implied
GL(1/2,1/2) prior for A. When 30 trials are considered, with
the Jeffreys prior for =, outcomes s, <5 and s, > 25 pro-
vide the required amount of information about the mean, and
with the implied G£(1/2,1/2) prior for 4, outcomes 1 < s, <29

parameter.

4.2 | Number of Failures Before a Success

Consider learning about the expected number of defective items
inspected y = 0,1,2, ... before finding the first non-defective one.
We use inverted beta 7 /3(a, b) prior for E(Y) = u with PDF

Ma—l

K u>0 ab>o.
B b1+ et M “

g(u) =

This distribution is also called Beta prime and is a special case of
the compound gamma distribution [17]. The prior mean E(u) =
a/(b—1),a# 1,b> 1. For a = 1, the prior for y reduces to the
Pareto Type II distribution P;(1, b) and the mean is not defined.

The ME model with constraint E(Y) = y on the support Y =
{0, 1, 2, ...} is the geometric distribution with PDF

1 U 7
f(J’|M)=m<m>, y=0,1,2,.... (19)

The probability of an item being defective in each inspection is
7« =1/(u + 1). This gives the more familiar form of the geomet-
ric PDF:

fOln) =1 -n), y=0,1,2,..., 0<z<l1.

Notice that y = (1 — z)/x is odds in favor of failure. The form of
the general ME model Equation (7) with Lagrange multiplier A =
log(1+1/u) = —log(1 — z) > 0.

A quantity of interest is the failure rate of the process. Sarhan
et al. [18] presented two failure rate functions of the geometric
distribution based on two related definitions of the failure rate
functions for discrete distributions. We adapt the definition given
in their Equation (3) for Equation (19) and obtain

1— 7)Y
r=Pr(Y =ylY >y = Z( ) - =71 = L .
Z[=yn'(1—7r)’ u+1
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FIGURE1 |

Information about the mean and the log-odds parameter for binomial sampling with the uniform prior (upper panels) and Jeffreys

prior (lower panels) for the mean; 20 trials (left panels) and 30 trials (right panels).

A sample of the number of failures before observing a success,
Y1s ---> Y, provides the following representations of the likeli-
hood function:

S,

Muon

L(p) « W,

where s, = Y7 ;. The inverted beta 75(a, b) prior for y is con-
jugate for L(u) and the posterior distribution is 753(a,, b,) with
updated parameters a, = a+ s, and b, = b+ n.

Using the expression for the entropy of the compound gamma
distribution [16] we obtain the sample information A(u;s,) by
Equation (2) with

H(uls,) =log B(a,.b,) — (a, — 1)w(a,) = (b, + 1)w(b,)
+ (a,+b,)w(a,+b,).
The inverted beta I53(a, b) prior for u = (1 — z)/z implies beta
B(b, a) prior for x. For the failure rate the differential terms in

Equation (4) is log | du/dr |= —2logr and the two expectations
in Equation (4) give

A(r; sn) = A(/l; s,,) + 2[1//(11,,) - w(bn)] —2[y(a) —y(b)].

As in the case of time to failure, the difference between sam-
ple information about the mean and failure rate depends on the
hyper-parameters, the sample size and the data. Thus, A (r; sn) <
A(u;s,) if and only if

wla+m—y(b+s,) 2 wa)—yb). (20)

The digamma function is strictly monotone increasing, so for a =
b, the inequality in (20) becomes equation when s, = n. It is easy

to show that the inequality in (20) holds for s, < n and is reversed
for s, > n.

The sample information about the ME Lagrange multiplier can
be computed with log | dz/d4 |=log(1l — ) for the differential
terms in Equation (4), however, unlike the other ME models con-
sidered, A is not a parameter of interest.

Remark 1. The geometric distribution is also represented as
the discrete counterpart of the exponential model. Let X =
Y +1. Then f(x|z) =z(1 —z)*!, x=1,2,..., 0<z<1and
E(X|0)=0=1/x =1/r. The sample information about the
mean and failure rate are as shown above, due to 0 = y + 1 and
log | d8/dr| = —2logr.

5 | Mean and Variance of a Measurement

The problem of learning about the unknown mean y and vari-
ance o? of a variable of interest Y with a PDF on the support Y =
‘R is of paramount interest in many fields. The uncertainty about
the mean is described by the normal prior g(u) = N (4, %) and
the uncertainty about the variance prior for ¢ is described by the
inverse gamma prior Equation (8) or the G(a, b) prior for the pre-
cision parameter = 1/62. When the research question is about
the mean and variance jointly, the uncertainty is described by a
normal-gamma prior g, ..

The ME model for the conditional distribution of Y with
E(Y|y,o‘2) =y and E[(Y - y)2|/4,0'2] =02 is f*(y|/4,0'2) =
N (u,0?), y € R. The ME derivation of the likelihood model
gives the Lagrange multipliers for the first two moments as

h=aw=5 h=5() =55
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51 | One Unknown Moment

When the variance is assumed to be known, the normal prior
for the mean is conjugate prior for the conditional normal like-
lihood function L(u|c?). The posterior distribution is g(u|y) =
N (. @?), wherey = Y7 v, /n,

oy + nwyy 5 o’w}
Hy = ———— @, = ——. (21)
62 + nwj 02 + nwy

The joint distribution of (u,y) is bivariate normal with the
squared correlation

2
P -
Y.H 0-2/n + CO(Z)

Using the entropy expression for the normal distribution in
Equation (2) gives A(u;y,0?) = —% log(l - p;). Because the
sample information is determined only by the variance parame-
ters, we have M (Y, u) = A(u;y) which is the well-known bivari-
ate normal mutual information.

For the sample information about A, the differential terms in
Equation (4) are not functions of y, thus A(4;;¥) = A(u; ).

Consider the case when the variance 6% = E[(Y — )?|u| about
the given mean is the unknown moment parameter of interest
for inference. The normal ME model provides the following two
forms of the likelihood function in terms of 62 and the precision
parameter z:

1,
K= (02)"/ze e

L(z) = t"/%e7"",

where
n

0, =33 (v - m)’. 22
i=1

These parameterizations are commonly used in the Bayesian
analysis of normal variance model with the inverse-gamma con-
jugate prior Equation (8) for L(az) and gamma prior for L(r)
which provide two different sample information measures for the
variance and the precision parameter. The conditional posterior
distributions g(c?|v,, u) and g(z|v,, u) are as in those for the
exponential model with n/2 and v,, in the places of n and s,. The
sample information about the variance and the precision param-
eter are given by Equations (12) and (13), adjusted similarly.

5.2 | Both Moments Unknown

We present the information provided by the data about (y, 7)

using two normal-gamma prior distributions used in the
Bayesian literature.

5.2.1 | Dependent Prior Moments

For obtaining posterior distributions in a closed form, the
normal-gamma prior is constructed as 8, 7) = 8. (ul7T)g. (),

where the prior for 4 is linked to 7 as follows: g,, = N (g, })
with the ratio of prior to model precisions z,/7 = n,, that is,
a)é /o2 =1/n, and gamma prior g, = G(a,b) for the precision.
Then the posterior distribution of the mean conditional on vari-
ance is g5, = N <yn’n0,wﬁ,”0>, where the posterior parameters
are as in Equation (21) with

u oy + g , 6?2 1
"t n+ny o p 4+ pyg (n+n0)r'

The sample information about the mean, given the variance, is as
Equation (12) with ®? = »? "'

The posterior distribution of  is G(a,, b,,, ), Where a, = a +n/2,

n |~
b,, =b+ =0, +
il 21" n+ng

(; - l’lo)2 s

and 67 = Y (y —¥)*/n is the maximum likelihood estimate of
the variance.

To compute the sample information about the mean and variance
we use the following additive property of Shannon entropy:

H(u,7) = H(z) + E.[H(ul7)],

where H(z) = H[G(a,b)] and E_[H(u|7)] is the conditional
entropy given by

E [H(u|0)] = E.{.5+ .5log(27) + .5log [(n + ny)7] }
= .5[1 +log(27) + log(n + ny) + w(a) — log ). (23)

Similarly, we obtain the joint posterior entropy, H(u, r|y), with
H(z|y) = H|G(a,.b,)| and E,;,[H (u|, y)] by Equation (23) with
a=a,andb=1b,, . Using the prior and posterior joint entropies
we obtain the sample information about the mean and precision
parameters as follows:

A((u1); ) = Az y) + E [Ap; (z)],

where A(z;y) is given by Equation (13) with n/2 and v, in the
places of n and s, defined in Equation (22).

The sample information about the mean and variance
can be found similarly by noting that E,.,[H (ulo? y)| =
E, [A(u; (ry)] and A(c%s,) is given by the first term of
Equation (12) with v, in the places of n and s,. defined in
Equation (22).

5.2.2 | Independent Prior Moments

The independent normal-gamma prior is constructed as
8,.:(1.7) = 8,()g.(7), where g, = N (s, ) and g, = G(a, b).
With this prior closed form posterior distributions are ana-
lytically intractable, so the sample information about these
parameters can not be computed. We pursue using MCMC to
generate a large sample from the posterior distributions. Then
the information measures are computed by applying the bivariate
kernel method developed by Pflughoeft et al. [11] to the posterior
samples.
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TABLE2 | Prior and posterior results of 10,000 MCMC samples for the mean, precision parameter, and variance.
Parameter Mean SD Median 2.5 percentile 97.5 percentile Entropy Observed information
Mean
Prior —0.011 0.998 —0.023 —1.945 1.964 1.429
Posterior 5.016 0.179 5.013 4.660 5.370 —0.288 1.717
Precision
Prior 3.006 1.729 2.679 0.621 7.245 1.876
Posterior 0.310 0.043 0.309 0.232 0.399 -1.731 3.607
Variance
Prior 0.498 0.453 0.375 0.140 1.632 0.484
Posterior 3.190 0.316 3.168 2.630 3.875 0.268 0.216

The MCMC samples are generated as follows:

ylut~Nu,1),
U~ N(O,1),

r~G@3B,1), o’= 1
T

A sample of n = 100 from N(5,4) provided y = 5.18,67 = 3.333,
and 7 = 0.300. We obtained 10,000 prior and posterior samples
for the three parameters based on generating 101,000 points with
a burn-in of 1000 and a thinning interval of 10.

Table 2 presents the prior and posterior MCMC results for u, 7,
and o?. These univariate measures are computed using the
marginals of the bivariate kernel estimates of PDFs of (¢, r) and
( H, 0'2). The first five columns give the standard univariate sam-
ple summaries. The right two columns give the sample entropy
and information measure. The data yields more than twice as
much informative about the precision parameter than about the
mean. The sample information about the variance is substantially
less than information about the mean.

The prior and posterior joint entropies are H(u,7) = 3.298 and
H (u,|y) = —2.042. The prior and posterior joint entropies are
H(u,0?) =1.631and H (u,c?|y) = —.045. These measures give
the joint sample information measures A[(u7);y] = 5.339 and
A[(;mz); y] = 1.676, respectively. The amount of information
gain about the pair (¢, 7) is substantial and so is its difference with
the information gain about (u, 6?).

6 | Testand Operating Environments

Systems usually operate in environments that are different from
their components were tested. Lindley and Singpurwalla [7]
and Currit and Singpurwalla [12] studied failure times of sys-
tems whose components have exponential distributions. They
assumed the failure rates of components in the test environ-
ment are r, and in the operating environment r; = nry, where
the factor n > 0 captures the effects of environment on the fail-
ure rate of the components (and thus the failure of the system).
These authors described the uncertainty about the environment
effect parameter # by a Gamma distribution. We use the follow-
ing slightly modified prior g(n) = G(a, #), @, f > 0, which is used
by Ebrahimi et al. [19].

The Bayesian predictive distributions of the lifetimes of the com-
ponents in the operating environment are the Pareto Type II dis-
tribution with PDFs

rrap®

f,?p(Ykaaa’ﬁ) =
(rkyk +p

)a+1’ V20, r;>0, a,f>0,k=1,2.

(24)
According to Theorem 2 of Ebrahimi et al. [15], the PDF in
Equation (24) is the ME model consistent with the moment
constraint E[log(r,Y, + #)| =0, and Lagrange multiplier
AM=a+1.

For a more interpretable moment constraint, let Z, =r,Y, +
p. Then

a
f"p(zkIrk,a)zﬁ, ZkZL a> 0.

k

The ME moment parameter is E[log Z,) =0°=1/a and the
failure rate function of this distribution is 7 (z,) = a/z,. Thus,
the information about A¢, ¢ and #° can be obtained via a (the
hyper-parameter of prior for ). The conjugate prior for « is
gamma g(a) = G(c,d) [20]. Given a sample of failure time of a
component in the operating environment z,, ..., z;,, the pos-
terior distribution is g(alr, sfm) =G(c+nd+ szn), where s¢ =
Y., log z;. Thus,

e

AR s ) = Alarst ) = log<1 n %) L H(G) - H(G..,).

where H(G,) = H[G(c,1)].

6.1 | Lindley-Singpurwalla Distribution

In the testing environment the components are structurally inde-
pendent and the joint distribution of their lifetimes is the inde-
pendent exponential. For a system with two components, the
joint PDF is

ftest(yl’ y2|’.17 r2) = rlrze’(rlJ’lJrrzyz)' (25)

Lindley and Singpurwalla [7] derived the following bivariate
distribution for the lifetimes of components in the operating
environment:
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aa + D)ryr, f*
)a+2 ’

fop(yl’y2|r1’r27a’ﬂ)= ykZO, rk>0’

(rly1 +r,+p

a,fp>0,k=1,2.

(26)

In the literature, Equation (26) is known as the Lindley-

Singpurwalla bivariate distribution. Factoring out g in the

denominator of this PDF gives the bivariate Pareto Type II or

Lomax PDF. The Lindley-Singpurwalla model in Equation (26)

establishes that in the operating environment, the lifetimes

of components, distributed as the univariate Pareto Type II
Equation (24), become dependent.

By Theorem 2 of Ebrahimi et al. [15], the transformed
PDF is the ME model in with the following moment:
E[log(r Y, +r,Y, + )] =0, where the Lagrange multiplier
is A=a+2. This ME moment constraint is not intuitively
interpretable.

The following information measures assess the effects of operat-
ing environment on the joint distribution of the components:

MO (Y, Yylry, ry, . f) = log(l + 1) s M () =0
a

a+1
0 es i 30+2
H(f P) _H(f[ [) = log ala+1) * a(z+1); @7)

a(a+1)_ 3a + 2 26
p? alea+1) a-1

K(f® : ') =log >0, a>1

(28)
The mutual information of the bivariate Pareto distribution is
well known. This measure is useful for evaluating the amount of
dependence induced on the lifetimes of components in the oper-
ating environment in terms of the prior shape parameter a. It
is decreasing and approaches zero as @ — co. The entropy dif-
ference compares the extent of concentrations of the joint dis-
tributions for the two environments. This measure is decreasing
sharply in @ and increases slowly in g, It is positive for a, # > 1
and changes sign at a point whose coordinates increase in both
parameters. The KL information divergence decreases sharply
and then increases slowly. The first coordinate of the minimal
point increases in a and decreases in f.

Remark 2. Lindley and Singpurwalla [7] motivated
Equation (26) in contrast with the unwieldy distribution of
the lifetime of parallel system with two components, which is
given by T = max {,, Y, }. The conditional PDF of T | 5,ry,r,
in the operating environment is

2
FE(tnry,ry) = ankemrkt —n(r + rz)e*’l(rlJrrz)t’ 120,00, > 0.

k=1
(29)

This PDF and the prior g(n) = G(a, f) give the following predic-
tive PDF of the parallel system lifetime 7 in the operating envi-
ronment:

2 rap® ("1 + rz)aﬂ“

FPP(tlry, e, B) = — s
(tIrora. . 9) ;(rkt-f-ﬁ)a-H [(r1+r2)z+ﬂ]'“rl

t>0,r,ry,a f>0.

(30)

Information measures that involve this predictive distribution
cannot be obtained in closed form. Furthermore, Equation (30)
cannot be represented in the general form of the ME model
Equation (7).

6.2 | Series Systems

Currit and Singpurwalla [12] presented the survival function and
failure rate of the lifetime of the series system with two compo-
nents, which is given by T = min {Y;,Y, }. The conditional PDF
of T'| n,ry, r, in the operating environment is

S(tln, ryory) = n(r +r ertr)t 4> ) n,ry,ry,>0. (31
112 117 172

This exponential distribution is the ME model, given that the
mean lifetime of the system is E(Y|u®) = u¢ = 1/[n(r, +r,)].
where the Lagrange multiplier for the constraint A | n,ry,r, =
;7(r1 + rz).

The PDF in Equation (31) and the prior g(n) = G(«, ) give the
prior predictive distribution of 7" in the operating environment
as the Pareto type II distribution with PDF

a(rl + rz)ﬂ"’

, >0, a,p,r,r, > 0. (32)
[(’1 +r2)t+[3]a+1

SEP(tlry 0, B) =

The ME moment condition for Equation (32) is similar to that
given for Equation (24) with r, replaced by r; + r,.

Unlike the case of Equation (30), assortments of information
measures can be computed with Equation (32). Given a sample
of failure times of the series system in the operating environment
15, ..., 1, the sample information measures about «, Lagrange
multiplier, and the failure rate function can be found similar to
those obtained for Equation (24). The distribution of the life-
time of series system in test environment is f*-" (t|/11,/12) =
(ry + rz)e_(’1+’2)’,z >0, 5,r,7, > 0. In addition, the following
information measures assess the effects of environment on the
lifetime of the series system:

H(fS'OP) _ H(fS.test) — logﬁ + l;
o a
S.op . S.test — E_l 'B
K(f5o: poteh) logﬂ S a>1

The analytic behaviors of these measures are similar to
Equations (27 and 28).

Some remarks are in order.

Remark 3.

1. Because of the unwieldiness of the PDF in Equation (30),
information measures for comparison with Equation (32)
cannot be obtained in closed form. However, the informa-
tion importance of components for failure times of series
and parallel systems in the test and operating environment
can be investigated under the assumptions of Theorem 1
and Example 2 of Ebrahimi et al. [19].
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2. The literature on the information measures of order
statistics offers distribution-free measures for compar-
ison of the lifetimes of parallel and series systems,
with identical independent (or exchangeable) compo-
nents. These measures do not distinguish between the
test and operating environments. For example, the KL
information divergence Equation (5) and the mutual
information Equation (6) between consecutive order
statistics are given in Ebrahimi et al. [21]. For the par-

allel and series systems, K<fmm{quy2} :fmax{Yl,Yz}> =

K(fmax{yhyz} : fmm{yhyz}) =1 and M(min{Y,,Y,}),
max {Y,.Y,} = 1 —log2. Accordingly, the extent of diver-
gence and dependence between the lifetimes of the parallel
and series systems are equal irrespective of the environment
irrespective of the environment. The same also holds for
the Jensen-Shannon divergence of system with lifetime
T, given by JS(Fyr; fy, fy,) = > K (fr: fv,), where
P >0, Ziﬂpk =1 are called the system signatures and
fo,» k=1,2are PDFs of the order statistics V3, V; of ¥, Y,.
Each p, is in fact the probability that the kth component
failure causes the system failure; see Samaniego [22] for
the notion of system signatures. This measure gives JS (Par-
allel) =JS (Series)=0; for details on the Jensen-Shannon
divergence of systems see Asadi et al. [23].

7 | Concluding Remarks

The aim of this paper was to show the following contrast between
two Bayesian approaches articulated by Lindley [2]: (a) The
Bayesian standpoint defined by formulating a prior for the param-
eter that represents a research question and incorporating a like-
lihood and passing to a posterior. The likelihood model is a
“part of Bayesian techniques” (the emphasis is his). (b) The usual
Bayesian approach which begins with a likelihood model and
specifies a prior for the likelihood model’s parameter and pass-
ing to a posterior. We showed the consequences of these two
approaches on the information provided by data about the param-
eter that represents a research question and about the likeli-
hood model parameter. Following Able and Singpurwalla [5] we
used the observed sample information defined by the difference
between the prior and posterior entropies.

We studied the sample information about the mean and some of
their well-known functions for variables with distributions on the
nonnegative, binary, discrete, and real line supports. Our find-
ings shed light on the conclusions of Able and Singpurwalla [5]
and on Lindley’s [9] posterior information rule for binomial sam-
pling. We introduced sample information measures for learning
about the mean and failure rate of the geometric distribution.
We also introduced joint samples information about the mean
and variance of the normal distribution under the dependent
normal-gamma prior. For the independent normal-gamma prior
case, we estimated the sample information measures about the
unknown mean and variance of the normal distribution, utilizing
the bivariate kernel estimate of the distribution. We offered sev-
eral information measures for evaluating the effect of operation
environment in the context of the Singpurwalla-Lindley model.

We also considered assessing the effects of environment on the
lifetimes of components of a system. Lindley and Singpurwalla

showed that the lifetimes of independent exponentially dis-
tributed components become dependent when their failure rates
are proportional between the two environment, when uncer-
tainty about the proportionality factor is described by a gamma
distribution. We offered a few information measures for the
Lindley-Singpurwalla model that assess the effects of environ-
ment. Developing information measures for assessing environ-
ment effects provides a high potential area for future research.
One way to pursue is to model the effect of environment when
the failure rates of components in the test environment are mono-
tonic. Another way is to investigate representing different envi-
ronmental conditions by different prior distributions, similar to
Corollary 1 of Ebrahimi et al. [24].
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