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a b s t r a c t

This study integrates information theory and extreme value theory to enhance the prediction of
extreme events. Information-theoretic measures provide a foundation for model comparison in tails.
The theoretical findings suggest that (1) the entropy of block maxima converges to the entropy of the
generalized extreme value distribution, (2) the rate of convergence is controlled by its shape parameter,
and (3) the entropy of block maxima is a monotonically decreasing function of the block size. Empirical
analysis of E-mini S&P, 500 futures data evaluates the financial risk, capturing information content of
extreme events using entropy and Kullback–Leibler divergence.

© 2023 Elsevier B.V. All rights reserved.
1. Introduction

Tail risk describes the possibility of significant financial losses
during extreme events. Such events, often unpredictable and
not effectively captured by conventional risk models, can impact
portfolio values dramatically and trigger potentially devastat-
ing consequences (Bali et al., 2011). Illustrative examples of tail
risk events include the global financial crisis and the COVID-19
pandemic, which had far-reaching implications on global finan-
cial systems. Evaluating these risks is essential for maintaining
portfolio resilience, ensuring financial stability, and adhering to
regulatory compliance (Danielsson, 2011).

Traditional risk measures, such as Value at Risk (VaR) and
Conditional Value at Risk (CVaR), often fall short of estimating
tail risk accurately. Their limitations stem from the underlying
assumptions that do not align with the characteristics of financial
return distributions (Fabozzi et al., 2005). Empirical evidence has
shown the presence of ‘‘heavy tails’’ in return distributions, in-
dicating a higher probability of extreme events (Mandelbrot and
Taylor, 1967; Cont, 2001). Given these constraints, exploring in-
novative methodologies that can more accurately capture tail risk
is crucial. One way to address tail risk is to integrate information
theory (IT) with extreme value theory (EV). Entropy, a concept
embedded in IT, measures uncertainty inherent in probabilities.
A distribution with high entropy would signify a greater degree
of uncertainty, capturing a wider range of possible outcomes. By
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maximizing entropy, we can choose the probability distribution
that best reflects the underlying information without presump-
tions or unwarranted biases, thereby allowing a more thorough
examination of potential outcomes (Jaynes, 1957). Meanwhile,
EV focuses specifically on the tail of the distribution, providing
powerful tools to quantify tail risks. EV models are particularly
adept at estimating the probabilities of extreme events, even
those with low frequencies and beyond what might be typically
expected (Pickands, 1975). Such models have been successfully
applied across various fields where predicting extreme events is
required (Coles et al., 2001).

This study contributes to the literature by establishing a the-
oretical framework that integrates the principles of IT and EV.
The Kullback–Leibler divergence, also known as relative entropy,
presents another essential tool within IT that could potentially
enrich the extreme value theory framework. It measures the
dissimilarity between two probability distributions (Kullback and
Leibler, 1951). In the context of EV, this measure serves as a met-
ric to compare different extreme event models, offering insights
into the degree of approximation between generalized extreme
value or generalized Pareto distributions and the empirical dis-
tribution underlying extreme events. Theoretical findings lay out
a connection between IT and EV. This connection revolves around
block maxima. The block maxima method involves dividing a
series of data into non-overlapping ‘blocks’ of equal size and then,
for each block, taking the maximum value.

This paper delivers three findings. First, it establishes that the

entropy of block maxima converges towards the entropy of a
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eneralized extreme value distribution as the size of the block in-
reases. This convergence is illustrated through simulation stud-
es involving normal, exponential, and Pareto distributions. Sec-
nd, the results highlight that given the shape parameter of the
eneralized extreme value theory, as the block size increases, the
ifference between the entropies of the block maxima and the
eneralized extreme value distribution tends towards a constant,
mphasizing the central role of the shape parameter in extreme
alue theory. Lastly, a result demonstrates the monotonicity of
lock maxima entropy. It shows that if the entropy of block
axima is a monotonically decreasing function of block size, then
s the block size increases, the entropy decreases. This is further
ubstantiated through a simulation example. The empirical study
nvolves daily E-mini S&P 500 futures data from September 25,
000, to May 23, 2023. E-mini S&P 500 futures contracts are
idely traded due to their liquidity, affordability, and ease of
ccess. The findings highlight the disparity between the empirical,
eneralized extreme value, and generalized Pareto distributions.
he entropy measures further illustrate the degree of uncertainty
n these distributions.

. Extreme events and information-theoretic measures

EV and IT offer perspectives that shed light on the charac-
eristics of extreme events and the probabilities associated with
heir occurrence. This section starts by introducing the meth-
ds and applications of EV in the context of financial markets.
ubsequently, it discusses the fundamental measures in IT, their
efinitions, properties, and potential applications to EV. Incor-
orating these strands together enhances our understanding of
xtreme events from an information-theoretic standpoint, which
ould inform risk management strategies and help develop robust
redictive models for extreme events.

.1. Extreme events

EV represents a statistical framework specifically designed to
nalyze the behavior of extreme values found in the tails of
probability distribution. It has been widely employed across
arious fields where quantifying the probability of rare events
s essential. EV primarily comprises two methodologies. The first
s block maxima, which divides data into subsets or blocks and
elects the maximum (minimum) value from each. This process
enerates a new dataset of extremes. A generalized extreme value
istribution (G) of Jenkinson (1955), which encompasses Gumbel,
rechet, and Weibull distributions, is then fitted to this data (Lon-
in, 2000). The second method, peaks over threshold, utilizes all
ata points that exceed a specific threshold. This excess data is
hen modeled using a generalized Pareto (P) of Pickands (1975).
he threshold is sufficiently high to justify using the P but low
nough to ensure enough data points for analysis. Let F (x) be
he cumulative density function (CDF). Extreme quantiles and
robabilities can be estimated by fitting a model to the empirical
urvival function, 1 − F (x), which focuses on extreme event
data (Diebold et al., 2000).

Given the standardized variable z = (x−µ)/σ , where µ is the
location parameter and σ > 0 is the scale parameter, the G CDF
can be written as

F (z, ξ ) =

{
exp

(
−(1 + ξz)−1/ξ

)
for ξ ̸= 0

exp (− exp(−z)) for ξ = 0,
(1)

where ξ is the shape parameter governing the tail of the distribu-
tion. When ξ = 0, G simplifies to the Gumbel distribution. When
ξ > 0, G transforms into the Frechet distribution. Conversely,
when ξ < 0, it becomes equivalent to the Weibull distribution.
The G and P are related through the Pickands–Balkema–de Haan
2

theorem (Balkema and Haan, 1974; Pickands, 1975). It states that
if a dataset can be modeled with a G, then the excesses over a
sufficiently high threshold of that dataset can be approximated
with a P . The P CDF is given by

F (z, ξ ) =

{
1 − (1 + ξz)−1/ξ for ξ ̸= 0
1 − exp(−z) for ξ = 0.

(2)

G and P have become pivotal in predicting extreme events
in financial markets, such as stock market crashes, catastrophic
insurance claims, and severe portfolio losses. These events usually
lie in the tail of the distribution and can lead to substantial
financial losses (Embrechts et al., 2013). For example, the G can be
applied to model block maxima of financial returns by partition-
ing the time series into non-overlapping blocks (e.g., days, weeks,
or months) and selecting the maximum loss from each block. In
contrast, the P is used in the peaks over threshold approach.
The underlying principle involves fitting this distribution to the
tails of the return distribution. These are the returns that could
potentially result in substantial losses. The P is instrumental in
estimating VaR and CVaR (McNeil and Frey, 2000). Accurately es-
timating the tail index is critical in this context. Some approaches,
such as those proposed by Danielsson et al. (2001), use bootstrap
methods to choose the sample fraction when estimating the tail
index, providing more reliable results for risk management.

Bali (2003) raises concerns that neither the G nor the P ac-
curately depicts extreme movements in financial markets. He
suggests implementing a general extreme value distribution that
utilizes the Box and Cox (1964) transformation, enhancing the
precision of extreme value modeling in financial contexts.

2.2. Information-theoretic measures

IT is concerned with quantifying information. The fundamental
measure developed by Shannon (1948) is entropy, which quanti-
fies the uncertainty or randomness associated with a set of values.
Applications of information theory and maximum entropy in
finance can be found in Ardakani et al. (2018) and Ardakani
(2022). In the context of extreme value theory, the entropy of
a given distribution can be used to quantify the degree of un-
certainty associated with extreme events. As entropy provides a
quantitative measure of randomness in a given dataset, it can
be used for examining the properties of extreme events. High
entropy corresponds to high uncertainty, suggesting a higher po-
tential for extreme events. In contrast, lower entropy indicates a
more predictable dataset with fewer extreme events. Specifically,
if we consider G and P used in extreme value theory, we can
define the entropy H of these distributions. Entropy is usually
defined as

H(X) = −

∫
∞

−∞

f (x) log(f (x))dx, (3)

where f (x) is the probability density function (PDF) of the random
variable X . Therefore, the entropy of a G or P can be calculated
by substituting their respective PDFs into (3). Through this con-
nection, extreme value theory can be linked with information
theory.

Another concept that can be leveraged in extreme value theory
is the Kullback–Leibler (KL) divergence, also known as relative
entropy. Introduced by Kullback and Leibler (1951), KL divergence
measures the difference between two probability distributions.
Given two PDFs f (x) and g(x), the KL divergence from g(x) to f (x)
is defined as

K (f ; g) =

∫
∞

−∞

f (x) log
(
f (x)
g(x)

)
dx. (4)

In the context of extreme value theory, KL divergence could
provide a way to compare different extreme event models. For
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nstance, it could be used to quantify how well G or P approxi-
ates the true underlying distribution of extreme events. The KL
ivergence measures the information loss when g(x) is used to

approximate f (x) (Soofi, 2000).

Lemma 1 (Properties of KL Divergence). KL divergence has the
following properties:

1. Non-negativity: K (f ; g) ≥ 0 for all f and g. Equality holds if
and only if f = g almost everywhere.

2. Non-symmetry: In general, K (f ; g) ̸= K (g; f ).
3. Continuity: If f (x) and g(x) are continuous PDFs, then K (f ; g)

is continuous in the parameters of f and g.
4. Additivity for Independent Random Variables: If X and Y are

independent, then K (fX,Y ; gX,Y ) = K (fX ; gX ) + K (fY ; gY ).

The connection between extreme value theory and informa-
tion theory gives new possibilities for modeling and analyzing
extreme events. For example, it could lead to the development
of new risk management strategies that take into account the
entropy and KL divergence of a given distribution to better predict
and prepare for extreme events (Ardakani, 2023). Furthermore,
the tools and concepts from information theory, such as mu-
tual information, could be used to compare different extreme
event models and choose the most suitable one for a given
dataset (Cover and Thomas, 1991).

3. Information content of extreme events

This section links EV theory discussed in Section 2.1, and IT
explained in Section 2.2.

Definition 1 (KL Divergence for Extreme Value Distributions). The
KL divergence between two generalized extreme value distribu-
tions F1 and F2 with PDFs f1 and f2 is given by substituting f1 and f2
into Eq. (4). Similarly, the KL divergence between two generalized
Pareto distributions can be calculated.

The KL divergence provides a natural tool to assess the fitness
of a G or P to the empirical data of extreme events. A smaller KL
divergence implies a better fit of the model. With the properties
in Lemma 1, KL divergence can be used to provide theoretical
foundations for comparisons of extreme event models. The model
comparison also provides insights into the relative importance
of the tail index in these models. We can use this definition to
compare extreme event models. Consider empirical data points
(x1, x2, . . . , xn) and two extreme value models with their respec-
tive PDFs f1(x) and f2(x). If the KL divergence from the empirical
data to the first model, denoted by K (f̂ ; f1), is smaller than the
KL divergence from the empirical data to the second model,
K (f̂ ; f2), then according to the KL divergence criterion, model 1
is considered to provide a superior fit to the data compared to
model 2.

Proposition 1 (Entropy Convergence of Block Maxima). Consider
a sequence of independent and identically distributed random vari-
ables (X1, X2, . . . , XN ) with CDF F (x). Define Mn = max{X1, X2, . . . ,

Xn} as the block maxima. If the normalized maxima, denoted by
Zn = (Mn − bn)/an, where an > 0 and bn ∈ R, converge in
distribution to a non-degenerate distribution G(z), where G(z) is a
generalized extreme value distribution, then the entropy of the block
maxima H(Mn) will converge to the entropy of generalized extreme
value distribution H(G). That is,

lim H(Mn) = H(G). (5)

n→∞

3

Proof. The PDF of the block maxima, denoted fMn (x), can be
expressed using the CDF F (x) and its corresponding PDF f (x), as

fMn (x) = nF (x)n−1f (x).

By the Fisher–Tippett–Gnedenko theorem (Fisher and Tippett,
1928; Gnedenko, 1943; Brookes, 1955), there exist sequences of
constants an > 0 and bn such that the block maxima Mn, when
normalized by an and bn, converge in distribution to G. That is,

lim
n→∞

P (Zn ≤ z) = G(z).

Given the convergence in distribution, the PDF of the normalized
block maxima, denoted gn(z), can be derived from fMn (x) and
approaches the PDF of the generalized extreme value distribution,
denoted g(z). This is due to the change of variable x = anz + bn.
The H(Mn) can be calculated by

H(Mn) = −

∫
∞

−∞

fMn (x) log(fMn (x))dx,

and H(G) is calculated by

H(G) = −

∫
∞

−∞

g(z) log(g(z))dz.

To prove the convergence of the entropy, consider

lim
n→∞

H(Mn) = lim
n→∞

[
−

∫
∞

−∞

gn(z) log(gn(z))dz
]

.

By applying the limit inside the integral (which can be justified
by Lebesgue’s Dominated Convergence Theorem), the limit of the
entropy becomes

lim
n→∞

H(Mn) = −

∫
∞

−∞

lim
n→∞

[gn(z) log(gn(z))] dz

= −

∫
∞

−∞

g(z) log(g(z))dz = H(G).

Therefore, the entropy of the block maxima converges to the
entropy of the generalized extreme value distribution as the block
size increases.

This proposition provides a connection between extreme value
theory and information theory by examining the convergence of
entropy, and it may also be beneficial for anomaly detection.

Example 1 (Entropy Convergence of Block Maxima). To numerically
demonstrate Proposition 1, a sequence of i.i.d. random variables
are simulated from normal, exponential, and Pareto distributions
(N = 10,000). The block maxima Mn are calculated for each
imulation, and a generalized extreme value distribution is fitted
o Mn. This fitting procedure provides us with the scale param-
ter an and the location parameter bn. The block maxima are

then normalized using these parameters, giving us the sequence
Zn. Next, a random sample is simulated from the generalized
extreme value distribution with an and bn. Lastly, the entropy
of the block maxima H(Mn) and the entropy of the simulated
generalized extreme value distribution H(G) are computed. Ta-
ble 1 exhibits the convergence of H(Mn) towards H(G) as the
size of the block n increases for normal, exponential, and Pareto
distributions. Specifically, it can be observed that for all three
distributions, the entropy of the block maxima increases as the
block size n increases, indicating a higher degree of uncertainty.
The entropy values become increasingly close to H(G) as n in-
creases. For instance, in the exponential distribution case, H(Mn)
for n = 1000 is 6.908, while H(G) = 9.210. As n increases,
H(Mn) increases, becoming 8.004, 8.513, 8.849, and 9.205 for n =

3000, 5000, 7000, 10, 000, respectively. Similar observations can

be made for the normal and Pareto distributions.
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Table 1
Entropy of block maxima (H(G) = 9.210).
Distribution n = 1, 000 n = 3, 000 n = 5, 000 n = 7, 000 n = 10, 000

Normal 6.908 8.006 8.517 8.854 9.210
Exponential 6.908 8.004 8.513 8.849 9.205
Pareto 6.906 8.003 8.513 8.847 9.200
t
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According to Proposition 1, H(Mn) converges to H(G) as n →

∞. This simulation gives an empirical demonstration of this
convergence.

Corollary 1. If shape parameter ξ remains constant as n → ∞,
then the difference between the entropy of the block maxima H(Mn)
and the entropy of the generalized extreme value distribution H(G)
will tend to a constant c. That is,

lim
n→∞

[H(Mn) − H(G)] = c. (6)

The corollary suggests that the rate at which the entropy of
the block maxima converges to the entropy of the generalized
extreme value distribution is controlled by its shape parameter
ξ . This is important for two reasons. First, the result further
emphasizes the central role of the shape parameter ξ in extreme
value theory. Specifically, ξ is known to control the tail heaviness
of the generalized extreme value distribution, which determines
the probabilities of extreme events. Therefore, this result shows
that ξ governs the tail behavior and determines the rate at which
the entropy of the block maxima (i.e., the uncertainty associated
with the maximum value) converges to the entropy of the gener-
alized extreme value distribution. Second, the corollary measures
the discrepancy between the block maxima and the generalized
extreme value distribution in terms of entropy, which quantifies
the information content. A constant difference implies that the
additional uncertainty introduced using the block maxima instead
of the generalized extreme value distribution does not increase
indefinitely as n → ∞. This provides an upper bound on the ad-
ditional uncertainty that the block maxima will introduce, which
could be helpful in assessing the performance of extreme value
models based on the block maxima method.

Proposition 2 (Monotonicity of Block Maxima Entropy). If the
entropy of the block maxima H(Mn) is a monotonically decreasing
function of the block size n, then

n1 < n2 ⇒ H(Mn1) ≥ H(Mn2). (7)

Proof. By the definition of a monotonically decreasing function,
for any two block sizes n1 and n2 such that n1 < n2, the function
value at n1 will be greater than or equal to the function value at
n2. Therefore, under the condition that H(Mn) is a monotonically
decreasing function of n, for any two block sizes n1 and n2 such
that n1 < n2, it will indeed hold that H(Mn1) ≥ H(Mn2).

This could be useful for understanding the effect of the block
size on the uncertainty in estimating extreme events.

Example 2 (Monotonicity of Block Maxima Entropy). Consider a
sequence of i.i.d. random variable from a standard normal distri-
bution N(0, 1) for different block sizes, n = 100, 500, 1000, 5000.
For each simulation, the block maxima Mn = max{X1, X2, . . . , Xn}

are computed, and a generalized extreme value distribution is
fitted to Mn. This provides us with the shape parameter ξ , the
scale parameter an, and the location parameter bn. Using these
parameters, the block maxima are normalized, giving us the
sequence Zn. Fig. 1 illustrates the monotonicity of the entropy of
the block maxima H(Mn) as the block size n increases. The plot

on the left visualizes the entropy of the block maxima against

4

Table 2
Information-theoretic measures.

K (f̂ ; fG ) K (f̂ ; fP ) H(G) H(Mn)

1.746 1.756 1.123 2.473

Block size n equals 500.

the block size. The entropy of the block maxima H(Mn) declines
with n, illustrating the monotonicity. For instance, the H(Mn) for
n = 100 is 6.907, while for n = 500, it increases to 5.298. As n
increases to 1000 and 5000, H(Mn) decreases to 4.605 and 2.995,
respectively.

4. Evaluating financial risk in futures

This empirical analysis employs historical futures data to un-
derstand extreme events and their associated risks. The dataset
used for this study comprises daily E-mini S&P 500 futures data
procured from Bloomberg. This dataset spans from September 25,
2000, to May 23, 2023, and includes adjusted closing values. The
E-mini S&P 500 futures are a derivatives product based on the S&P
500 index. These futures contracts are commonly traded due to
their high liquidity, affordability, and accessibility. For analysis,
we calculate the log returns, the natural logarithm of the ratio
of consecutive closing prices. To confirm stationarity, the aug-
mented Dickey–Fuller unit root test is applied. The test yields a
significantly small p-value (less than 0.01), ensuring stationarity.

Table 2 presents KL divergence and entropy measures. The
KL divergence measures the difference between our empirical
distribution and two fitted distributions, G and P . The smaller
the KL divergence, the closer our fitted distribution is to the
empirical one. For G and P , the KL divergences are 1.746 and
1.756, respectively, suggesting a slightly better fit for the gen-
eralized extreme value distribution. The table also presents the
entropy measures, quantifying the level of uncertainty in these
distributions. Here, the entropy measures for the block maxima
H(Mn) and the generalized extreme value distribution H(G) are
reported. The entropy of the block maxima H(Mn) represents the
uncertainty associated with the maximum value of a given block
size n. As the block size increases, H(Mn) approaches H(G). H(G)
is smaller than that of the block maxima H(Mn) for n = 500. As
he block size increases, H(Mn) would decrease. In other words,
ith larger blocks, the maximum values’ randomness would be
ery close to that modeled by the generalized extreme value
istribution. This provides evidence for the suitability of the gen-
ralized extreme value distribution for modeling extreme events
nd highlights the important relationship between extreme value
heory and information theory.

Table 3 presents the risk measures, VaR, and CVaR, at different
onfidence levels (99%, 95%, and 90%) for the fitted generalized
xtreme value distribution based on the E-mini S&P 500 futures.
oving to a lower confidence level (from 99% to 90%), we observe
n increasing trend in VaR. This suggests we are accounting for
ncreasingly severe potential losses as our confidence level de-
reases. At a 99% confidence level, the VaR is 1.695, meaning we
o not expect to lose more than this value in 99% of the scenarios.
s the confidence level drops to 95% and 90%, the VaR increases to
.751 and 1.819, respectively. The CVaR follows a similar pattern.
t increases from 1.676 at the 99% confidence level to 1.717 and
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Fig. 1. Entropy of block maxima for a normally distributed sequence.
Table 3
Risk measures.

99% 95% 90%

VaR 1.695 1.751 1.819
CVaR 1.676 1.717 1.752

1.752 at the 95% and 90% confidence levels, respectively. CVaR
represents the average of potential losses exceeding the VaR,
which measures the expected loss in the worst-case scenarios.
The increasing trend of CVaR as we decrease the confidence level
suggests that the expected loss given a loss beyond VaR, becomes
more severe.

5. Concluding remarks

This study establishes a theoretical framework that bridges the
ap between the principles of information theory and extreme
alue theory. Results show that the entropy of block maxima
onverges to the entropy of the generalized extreme value dis-
ribution and that the distribution’s shape parameter modulates
ts convergence rate. The empirical analysis employs E-mini S&P
00 futures data to illustrate the theoretical results. The findings
rovide insights into enhancing risk assessments and open new
esearch opportunities in extreme value modeling.
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